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NUMERICAL PROGRAMMING WITH

PYTHON

NUMERICAL PROGRAMMING DEFINITION

4GD SDQL. - TLDQHB@K #NL.OTHMF @ J @ MTL.DQHB@K BNL-OTSHMF NQ RBHDMSHEHB BNL.OTSHMF  B@M AD LHRKD@CHVIF
/D B@M SGHMJ @ANTS HS @R GAUHMF SN CN WHSG MTLLADQR @R NOONRDC SN @KFNQHSGLR CD@KHMF \WHSG SDWSR ENQ
DW@L-OKD )E XNT SGHMJ NE = NNFKD @MC SGD V@X HS OQNUHCDR KHMJR SN \VDARHSDR ENQ XNTQ RD@QBG HMPTHQHDR XNT L.@X
SGHMJ @ANTS SGD TMCDQKXHMF @KFNQHSGL @R @ SDWS AGRDC NMD 9DS SGD BNQD NE SGD ™ NNFKD RD@QBG DMFHVD HR
MTL.DQHB@K 4N ODQENQL- SGD O@FD2@MJ @KFNQHSGL. = NNFKD DWDBTSDR SGD VNQKC R K@QFDRS L@SQHW BNL-OTS@SHNM

- TL.DQHB@K #NLOTSHMF CDEHMDR @M @QD@ NE BNL.OTSDQ RBHDMBD @MC L.@SGDL-@HBR CDE@KHMF VHSG @KFNQHSGLR ENQ
MTL.DQHB@K @OOQNWHL@SHNMR NE OQNAKDLR EQNL. L.@SGDL@SHB@K NQ MTL.DQHB@K @MEKXRHR HM NSGDQ VNQCR I KFNQHSGLR
RNKUHMF OQNAKDL-R HMUNKUHMF BNMSHMTNTR U@QHGAKDR - TL-DQHB@K @M@KXRHR HR TRDC SN RNKUD RBHDMBD @MC DMFHMDDQHMF
OQNAKDLR

DATA SCIENCE AND DATA ANALYSIS

4GHR STSNQH@K B@M AD TRDC @R @M NMKHMD BNTQRD NM - TL-DQHB@K OXSGNM @R HS HR MDDCDC AX $@S@ 3BHDMSHRSR @MC $@S@
T MEKXRSR

$(@5@ RBHDMBD HR @M HMSDQCHRBHOKHM@QX RTAIDBS \V/GHBG HMBKTCDR ENQ DW@L-OKD RS@SHRSHBR @MC BNL-OTSDQ RBHDMBD
DRODBHG@KKX OQNFQ@LLHMF @MC OQNAKDL. RNKUHMF RJHKKR H@S@ 3BHDMBD HMBKTCDR DUDQXSGHMF V/GHBG HR MDBDRR@QX SN
BQD@SD @MC 0QDO@QD C@S@ SN L-@MHOTK@SD EHKSDQ @MC BKDMRD C@5@ @MC SN @MEKXRD C@S@ $@S@ BEM AD ANSG RSQTBSTQDC
@MC TMRSQTBSTQDC 7D BNTKC @KRN R@X $@5@ 3BHDMBD HVBKTCDR @kk SGD SDBGMHPTDR MDDCDC SN DWSQ@BS @MC F@HM
HMENQL-@SHNM @MC HMRHFGS EQNL C@s@

$@50 3BHDMBD R @M TL-OAQDKK® SDQL \V/GHBG HMBNQONQ@SDR C@S@ @MEKXRAR RS@SHRSHBR L@BGHMD KDEQMHMF @MC NSGDQ
(QDK@SDC RBHDMSHEHB EHDKCR HM NQCDQ SN TMCDQRSGMC @MC @M@KXYD C@s@

TMNSGDQ SDQL. NBBTQHMF PTHSD NESDM HM SGHR BNMSDWS HR  **HF $@5@  *"HF $@5@ HR ENQ RTQD NMD NE SGD LLNRS NESDM TRDC
ATYYVNQCR HM SGD RNESV@QD QDK@SDC L@QJIDSHMF VNQKC —@QJIDSHMF L.@M@FDQR GAUD ENTMC NTS SG@S TRHMF SGHR SDQL
B@M ANNRS SGD R@KDR NE SGDHQ OQNCTBSR QDF@QCKDRR NE SGD E@BS HE SGDX @QD QD@KKX CD@KHMF \VHSG AHF C@S@ NQ MNS 4GD
SDQL HR NESDM TRDC HM ETYYX V@XR

""HF C@S@ HR C@S@ VGHBG HR SNN K@QFD @MC BNL.OKDW RN SG@S H5 HR G@QC ENQ C@S@ OQNBDRRHMF @OOKHB@SHNM RNESV@QD SN
CD@K VHSG SGDL. 4GD OQNAKDL-R HVMBKTCD B@OSTQHMF @MC BNKKDBSHMF C@S@ C@S@ RSNQ@FD RD@QBG SGD C@S@ UHRT@KHY@SHNM
NE SGD C@5@ PTDQXHMF @MC RN NM

4GD ENKKNVHMF BNMBDOSR @QD @RRNBHESDC VHSG AHF C@S@

a UNKTLD
SGD RGDDQ @LNTMS NE COS@ \/GDSGDO #S \HK AD FHF@  SD0@ ODS® NQ DW@AXSDR
a UDKNBHSX
SGD RODDC NE @0QHUGK GMC OQNBDRRHMF NE C@5@
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a UDQ@BHSX
TMBDQS@AMSX NQ HLOQDBHRENM NE CO30
a UQQIDSX
SGD LL@MX RNTQBDR @MC SXODR NE C@S@ ANSG RSQTBSTQDC @MC TMRSQTBSTQDC

AGD AHF PTDRSHNM HR GNV TRDETK OXSGNM HR ENQ SGDRD OTQONRDR )E VD VNTKC NMKX TRD OXSGNM VHSGNTS @MX RODBH@K
LNCTKDR SGHR K@MFT@FD BNTKC NMKX ONNQKX ODQENQL- NM SGD OQDUHNTRKX L-DMSHNMDC S@RJR 7D \HK CDRBQHAD SGD
MDBDRR@QX SNNKR HM SGD ENKKNVHMF BG@OSDQ

CONNECTIONS BETWEEN PYTHON, NUMPY, MATPLOTLIB, SCIPY AND
PANDAS

OXSGNM HR @ FDMDQ@% OTQONRD KEMFT@FD @MC @R RTBG HS BAM GMC HS R
VHCDKX TRDC AX RXRSDL. @CL_HMHRSQ@SNQR ENQ NODQ@SHMF RXRSDL
ACLAMARSQ@SHNM AX \/DA CDUDKNOODQR @R @ SNNK SN BQD@SD CXM@LHB
V/DARKSDR @MC AX KHMFTHRSR ENQ M@STQ@K KMFT@FD OQNBDRRAMF SBRJIR
**DHMF @ SQTDKX FDMDQ@k OTQONRD K@MFT@FD OXSGNM B@M NE BNTQRD S (4 — o)
VHSGNTS TRHMF @MX RODBH@K MTL.DQ#B@K LLNCTKDR ~ AD TRDC SN RNKUD e
MTLDQHB@X OQNAKDLR @R /DK 3N E@Q RN FNNC ATS SGD BTW NE SGD

L_@SSDQ HR SGD DWDBTSHNM RODDC  OTQD OXSGNM VHSGNTS @MX e
MTL_DQHB@K LLNCTKDR BNTKCM S AD TRDC ENQ MTL_D(HB@K SBRIR —@SK@A g
2 @MC NSGDQ K@MFT@FDR @QD CDRHFMDC ENQ )E S BNLLDR SN
BNLOTS@SINM@K OQNAKDL. RNKUKMF HS HR NE FQD@SDRS HLLONQS@MBD SN
BNMRHCDQ SGD ODQENQL_@MBD NE @FNOHSGLR ANSG BNMBDQMHMF RODDC
@MC C@s@ TROFD

)E VD TRD OXSGNM HM BNLAHM@SHNM VHSG HSR LLNCTKDR - TL.OX
3BHOX —@SOKNSKHA @MC O@MC@R HS ADKNMFR SN SGD SNO MT L-DQHB@K
OQNFQ@L-LHMF K@MFT@FDR )SHR @R DEEHBHDMS HE MNS DUDM L.NQD
DEEHBHDMS ~ SG@M — @SK@A NQ 2
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- TLOX R @ LNCTD \/GHBG OQNUHCDR SGD A@RHB C@S@ RSQTBSTODR Pandas
HLOKDLDMSHMF LTKSH CHL-DMRHNMK @Q08XR GMC L.GSOHBDR **DRHCOR
$G@S SGD LLNCTKD RTOOKHDR SGD MDBDRR@QX ETMBSINM@KHSHDR SN BQDASD Matplotlib
@MC L@MHOTK@SD SGDRD C@SA RSQTBSTODR 3BHOX HR AGRDC NM SNO NE
-TL.OX #D H TRDR SGD C@S@ RSQTBSTODR OONUKCDC AX . TL.OX )S
DWSDMCR SGD BAOGAHHSHDR NE - TLLOX \/45G ET(SGDQ TRDETK ETMBSHNMR
ENQ LAVHL_HY@SINM QDFQDRRANM &NTGHDQ SOMRENQLLGSHNM @MC LGN
NSGDOR

— (@SOKNSKHA HR @ OKNSSHMF KHAQEQX ENQ SGD OXSGNM OQNFQ@ L LAVF
K@MFT@FD @MC SGD MT L.DQHB@KkX NQHDMSDC LLNCTKDR KHID - TL.OX @MC
3BHOX

AGD XNTMFDRS BGH(C HMI SGHR EQL.HKX NE LNCTKDR #R OGMC@R O@MCER
HR TRHMF @K NE SGD OQDUHNTRKX LLDMSHNMDC LLNCTKDR )SR ATHC NM Python
SNO NE SGDL SN OQNUHCD @ LLNCTKD ENQ SGD OXSGNM KEMFTOFD \/GHBG
1R GKRN BGOGAKD NE C@S@ L.GMHOTKESHNM @MC @MEKXRHR 4GD RODBHGK
ENBTR NE O@MCGR BNMRRSR HM NEEDQHMF C@S@ RSQTBSTQDR @MC
NODQ@SHINMR ENQ L@MHOTK@SHMIE MTLLDOKB@K SOAKDR @MC SHL.D RDQHDR 4GD M@LD HR CDGHUDC EQNL SGD SDQL.  O@MDK C@s@
OBMCOR HR \/DKK RTHSDC ENQ \VNQJHME \/HSG SBATKBQ CAS@ @R HS HR JMNV/M EQNL ROQDAC RGDDS OQNFQ@L LHME KAJD 9%WBDK

PYTHON, AN ALTERNATIVE TO MATLAB

OXSGNM HR ADBNL_HMF L-NQD @MC L_NQD SGD L@H\ OQNFQ@L-LHMF K@MFT@FD ENQ C@S@ RBHDMSHRSR 9DS SGDQD @QD RSHKK
L@MX RBHDMSHRSR @MC DMFHMDDQR HM SGD RBHDMSHEHB @MC DMFHMDDQHMF VNQKC SG@S TRD 2 @MC — ¥4, 1" SN RNKUD SGDHQ
C@S@ @M@KXRHR @MC C@S@ RBHDMBD OQNAKDLR )SR @ PTDRSHNM SQNTAKHMF KNSR NE ODNOKD V/GHBG K@MFT@FD SGDX RGNTKC
BGNNRD 4GD ETMBSHNM@KHSX NE 2 V@R CDUDKNODC VHSG RS@SHRSHBH@MR HM LLHMC \/GDQD@R OXSGNM HR @ FDMDQ@K OTQONRD
KOMFT@FD - DUDQSGDKDRR OXSGNM HR @KRN ~ HM BNL_AHM@SHNM VHSG HSR RODBH@KHYDC LLNCTKDR KHID - TL.OX 3BHOX
—(@SOKNSKHA O@MC@R @MC RN @M HCD@K OQNFQ@ L L.HMF KEGMFT@FD ENQ RNKUHMF MT L.DQHB@K OQNAKDL.R &TQSGDQLNQD SGD
BNL L. TMHSX NE OXSGNM HR @ KNS K@QFDQ @MC E@RSDQ FQNVHMF SG@M SGD NMD EQNL. 2

46D OQHMBHO@K CHRECU@MS@FD NE — 14, 1™ @F@HMRS OXSGNM @QD SGD BNRSR OXSGNM VHSG - TL.OX 3BHOX —@SOKNSKHA
@MC O@MC@R HR BNL-OKDSDKX EQDD \VGDQD@R — ¥4, ¥ ** B@M AD UDQX DWODMRHUD ~ &QDD L.D@MR ANSG EQDD @R HM EQDD
ADDQ @MC EQDD @RHM EQDDCNL.  %UDM SGNTFG — ¥4, 1" G@R @ GTFD MTL.ADQ NE @CCHSHNM@K SNNKANWDR @UEHK@AKD
OXSGNM G@R SGD @CU@MS@FD SG@S HS HR @ LNQD L.NCDQM @MC BNL_OKDSD OQNFQ@L-L.HMF KGMFT@FD OXSGNM HR BNMSHMT@KKX
ADBNLHAMF L-NQD ONVDQETK AX @ Q@OHCKX FQNVHMF MTL_ADQ NE RODBH@KHYDC LNCTKDR

OXSGNM HM BNLAHMESINM VHSG - TL.OX 3BHOX — BSOKNSKRA @MC O@MCER BEM AD TRDC @R @ BNLOKDSD QDOK@BDLDMS ENQ
—14, 0
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Matplotlib
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NUMPY TUTORIAL

INTRODUCTION

- TLOXHR @ LNCTKD ENQ OXSGNM 4GD M@L-D HR @M @BQNMXL ENQ

- TL.DQHB OXSGNM NQ - TLDQHB@K OXSGNM )S HR OQNMNTMBDC
GMALO@d -5— OX NQKDRR NESDM ¢MALOH -5— ODD )SHR @M
DWSDMRHNM LLNCTKD ENQ OXSGNM LLNRSKX \/QHSSDM HM # 4GHR L.@JDR
RTQD SG@S SGD OQDBNLOHDC L-@SGDL-@SHB@K @MC MT L.DQHB@K ETMBSHNMR
@MC ETMBSHNM@KHSHDR NE - TL.OX FT@QEMSDD FQD@S DWDBTSHNM RODDC

&TQSGDQLNQD - TL.OX DMQHBGDR SGD OQNFQ@L-L_HMF K@MFT@FD
OXSGNM VHSG ONVDQETK C@S@ RSQTBSTQDR HL_OKDL-DMSHMF L_TKSH
CHL_DMRANM@K @QQ@XR @MC L_@SQHBDR 4GDRD C@5@ RSQTBSTQDR
FT@Q@MSDD DEEHBHDMS B@KBTK@SHNMR VHSG L@SQHBDR @MC @QQ@XR 4GD
HL_OKDL_DMS@SHNM HR DUDM @HL_HMF @5 GTFD L-@QHBDR @MC @QQ@XR
ADSSDQ JMNV TMCDQ SGD GD@CHMF NE  AHF C@S@ " *DRHCDR SG@S SGD
LNCTKD RTOOKHDR @ K@QFD KHAQ@QX NE GHFG KDUDK L.@SGDL-@SHBE@K ETMBSHNMR SN NODQ@SD NM SGDRD L-@SQHBDR @MC @QQ@XR

3BHOX 3BHDMSHEHB OXSGNM HR NESDM L-DMSHNMDC HM SGD R@LD AQD@SG VHSG - TL.OX 3BHOX MDDCR . TL.OX @R HS HR
AGRDC NM SGD C@S@ RSQTBSTQDR NE - TL.OX @MC ETQSGDQLNQD HR A@RHB BQD@SHNM @MC L@MHOTK@SHNM ETMBSHNMR )S
DWSDMCR SGD B@O@AHKHSHDR NE - TL.OX VHSG ETQSGDQ TRDETK ETMBSHNMR ENQ LHMHLHY@SHNM QDFQDRRHNM &NTQHDQ
SQ@MRENQL_@SHNM @MC L@MX NSGDQR

"'NSG - TL.OX @MC 3BHOX @QD MNS 0@QS NE @ AGRHB OXSGNM HMRS@KK@SHNM 4GDX G@UD SN AD HMRS@KKDC @ESDQ SGD OXSGNM
HMRS@KK@SHNM ~ TL.OX G@R SN AD HMRS@KKDC ADENQD HMRS@KKHMF 3BHOX

H#NLLDMS 4GD CHOFQ@L NE SGD HL-@FD NM SGD QHFGS RHCD HR SGD FQ@OGHBE@K UHRT@KHR@SHNM NE @ L.@SQHW VHSG ~ QNVR
@MC  BNKTLMR )SR @ RN B@KKDC (HMISNM CHAFQ@L. 4GD RHYD NE @ RPT@QD VHSGHM SGHR CHEFQ@L- BNQQDRONMCR SN SGD
RHYD NE SGD U@KTD NE SGD CDOHBSDC L-@SQHW 4GD BNKNTQ CDSDQLHVMDR HE SGD U@KTD HR ONRHSHUD NQ MDF@SHUD )M NTQ
DW@L-OKD SGD BNKNTQ QDC CDMNSDR MDF@SHUD UGKTDR @MC SGD BNKNTQ FQDDM CDMNSDR ONRHSHUD U@KTDR

- TLOX HR A@RDC NM SVN D@QkHDQ OXSGNM LLNCTKDR CD@kHMF VHSG @QQ@XR /MD NE SGDRD HR - TL.DQHB - TL-DQHB HR KHID
- TLOX @ OXSGNM LLNCTKD ENQ GHFG ODQENQL-@MBD MTL_DQHB BNL.OTSHMF ATS HS HR NARNKDSD MNV@C@XR ¥ MNSGDQ
OQDCDBDRRNQ NE - TL.OX HR - TL.@QQ@X V/GHBG HR @ BNL.OKDSD QD\/QHSD NE . TLDQHB ATS HR CDOQDB@SDC @R VDKK - TL.OX
HR @ L-DQFDQ NE SGNRD SN HD HSHR ATHKC NM SGD BNCD NE . TL.DQHB @MC SGD ED@STQDR NE - TL-@QQ@X

COMPARISON BETWEEN CORE PYTHON AND NUMPY
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7GDM VD R@X #NQD OXSGNM VD L.D@M OXSGNM VHSGNTS @MX RODBH@K LLNCTKDR HD DRODBH@KKX VHSGNTS - TL.OX
46D @CUEGMS@FDR NE #NQD OXSGNM

a GHFG KDUDK MTL_ADQ NAIDBSR HMSDFDQR EKN@SHMF ONHMS
a BNMSEHMDQR KHRSR \WHSG BGD@O HMRDQSHNM @MC @OODMC L.DSGNCR CHBSHNM@QHDR VHSG E@RS KNNJTO

T CU@MS@FDR NE TRHMF _ TLL.OX VHG OXSGNM

a  @Q0@X NQHDMSDC BNL-OTSHMF
a  DEEHBHDMSKX HL-OKDL-DMSDC L-TKSH CHL-DMRHNM@K @QQ@XR
a CDRHFMDC ENQ RBHDMSHEHB BNLOTS@SHNM

A SIMPLE NUMPY EXAMPLE

*"DENQD VD B@M TRD - TL.OX VD VHKK G@UD SN HLLONQS HS )S G@R SN AD HLLONQSDC KHID @MX NSGDQ LLNCTKD
import numpy

*"TS XNT VHK G@QCKX DUDQ RDD SGHR . TLLOX HR TRT@KKX QDM@L.DC SN MO
import numpy as np

/' TQ EHQRS RHLLOKD - TL.OX DW@L_OKD CD@R \WHSG SDLL.ODQ@STQDR ™ HUDM HR @ KHRS \VVHSG UGKTDR D F SDL_ODQ@STQDR HM
#DKRHTR

DWBMVFT <
>

7D VHK STQM NTQ KRS BUGKTDR  HMSN @ NMD CHL.DMRHNM@K MTLLOX @QQ@X

$ 0Q BSSBZ DWBMVFT
QSJOU $

< >

,DSR@RRTLD VD V@MS SN STQM SGD U@KTDR HMSN CDFQDDR &@GQDMGDHS 4GHR HR UDQX D@RX SN @BBNLOKHRG VHSG @
MTL.OX @QQ@X 4GD RNKTSHNM SN NTQ OQNAKDL. B@M AD @BGHDUDC AX RHL_OKD RB@K@Q L TKSHOKHB@SHNM

QSJOU $

< >
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4GD @QQ@X # G@R MNS ADDM BGEMFDC AX SGHR DWOQDRRHNM

QSJOU $

< >

#NLO@QDC SN SGHR SGD RNKTSHNM ENQ NTQ OXSGNM KHRS KNNJR @V IV@EQC

GWBMVFT <Y for Y in DWBMVFT>
QSJOU GWBMVFT

<

3N EGQ /D DEDQODC SN # @R @M @QQ@X 4GD HMSDOM@K SXOD HR MC@QQ@X NQ SN AD DUDM LLNQD OQDBHRD # HR @M HMRS@MBD
NE SGD BKGRR MTL_OX MC@Q0@X

UZQF $
/T0TS OVyNQZ OEBSSBZ

)M SGD ENKKNVHMF VD VHK TRD SGD SDQL.R  @QQ@X @MC MC@QQ@X HM L-NRS B@RDR RXMNMXL-NTRKX

GRAPHICAL REPRESENTATION OF THE VALUES

%UDM SGNTFG VD V@MS SN BNUDQ SGD LLNCTKD L@SOKNSKHA MNS TMSHK @ k@SDQ BG@OSDQ VD V@MS SN CDLNMRSQ@SD GNV VD
B@M TRD SGHR LLNCTKD SN CDOHBS NTQ SDL-ODQ@STQD U@KTDR 4N CN SGHR VD TR SGD O@BJ@FD OXOKNS EQNL. L @SOKNSKHA

)E XNT TRD SGD ITOXSDQ MNSDANNJ XNT LHFGS AD DKk @CUHRDC SN HMBKTCD SGD ENKKNV/HMF KHMD NE BNCD SN OQDUDMS @M
DWSDQM@K VHMCNV SN ONO TO @MC SN G@UD XNTQ CHAFQ@L- HMBKTCDC HM SGD MNSDANNJ

matplotlib JOMJOF
4GD BNCD SN FDMDQ@SD @ OKNS ENQ NTQ U@KTDR KNNJR KHID SGHR

import matplotlib.pyplot as plt

QMU QMPU $
QMU TIPX
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46D ETMBSHNM OKNS TRDR SGD UGKTDR NE SGD @QQ@X # ENQ SGD UGKTDR NE SGD NQCHM@SD HD SGD X @WHR 4GD HMCHBDR NE SGD
@Q@X # @QD S@JIDM @R U@KTDR ENQ SGD @ARBHRR@ HD SGD W @WHR

MEMORY CONSUMPTION: NDARRAY AND LIST

4GD L@HM ADMDEHSR NE TRHMF MTLOX @QQ@XR RGNTKC AD RL-@KDQ L-DL-NQX BNMRT L_OSHNM @MC ADSSDQ QTMSHL.D
ADG@UANTQ "7D V@MS SN KNNJ @S SGD L.DLLNQX TR@FD NE MTL.OX @QQ@XR HM SGHR RTABG@OSDQ NE NTQ STQNQHEK @MC
BNLO@QD HS SN SGD L.DL-NQX BNMRTL-OSHNM NE OXSGNM KHRSR

~ List
Object

~ Objects
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4N B@KBTK@SD SGD LLDL-NQX BNMRT LLOSHNM NE SGD KHRS EQNL. SGD @ANUD OHBSTQD VD V/HK TRD SGD ETMBSHNM FDSRHYDNE
EQNL SGD LLNCTKD RXR

from sys import HFUTJ[FPG as TJ[F
MTU < >

TJI[FOPG@MITU@PCKFDU  TJ[F MTU  # only green box
TJ[FOPGOFMFNFOUT ~ MFO MTU  TJ[F MTU< > # 24, 12, 57

UPUBM@MITUQ@TJIF TI[FEPG@MITU@PCKFDU TI[F@PG@FMFNFOUT

QSJOU 4J[F XJulPvU UIF TJ[F PG UIF FMENFOUT TI[FE@PG@MITU@PCKF
DU

QSJOU 4J[F PG BMM UIF FMFENFOUT TI[FOPG@FMFNFOUT

QSJOU 5PUBM TJ[F PG MJTU JODMVEJOH FMENFOUT UPUBM@MITUQ@TJILF

4J[F XJUIPVU UIF TJ[F PG UIF FMENFOUT
4J[F PG BMM UIF FMENFOUT
5PUBM TJ[F PG MJTU JODMVEJOH FMFNFOUT

AGD RAYD NE @ OXSGNM K#RS BNMRHRSR NE SGD FDMDO@K KiRS HVENQL.@SHNM SGD RHYD MDDCDC ENQ SGD QDEDQDMBDR SN SGD
DKDL.DMSR @MC SGD RKYD NE @Kk SGD DKDL.DMSR NE SGD KRS )E \/D GOOKX RXR FDSRAYDNE SN @ KRS \/D FDS NMKX SGD RHYD
\/KSGNTS SGD RHYD NE SGD DKDLDMSR )M SGD OQDUHNTR DWAL.OKD \/D LL@CD SGD @RRTL.OSHNM SG@S @Kk SGD HMSDFDQ
DKDLLDMSR NE NTQ KRS GAUD SGD RGL.D RHYD /E BNTORD SGHR HR MNS UGKHC HM FDMDQ@K ADBGTRD LLDLLNQX BNVRTLLOSHNM
\/HK AD GHFGDQ ENQ K@QFDQ KMSDFDQR

7D VHK BGDBJ MNV GNV SGD L.DL.NQX TR@FD BG@MFDR HE VD @CC @MNSGDQ AMSDFDQ DKDLDMS SN SGD KHRS 7D @KRN
KNNJ @S @M DL-OSX KHRS

MTU < >

TJ[FOPGAMITU@GPCKFDU  TJ[F MTU  # only green box
TI[FOPGOFMFNFOUT  MFO MTU  TJ[F MTU< > # 24, 12, 57, 42

UPUBM@MITU@TILF  TJI[F@PGA@MITU@PCKFDU  TJ[F@PG@FMFNFOUT

QSJOU 4J[F XJUIPVU UIF TJ[F PG UIF FMFNFOUT TJ[FOPGAMITU@PCKF
DU

QSJOU 4J[F PG BMM UIF FMFNFOUT TJ[F@PG@FMFNFOUT

QSJOU 5PUBM TJ[F PG MJTU JODMVEJOH FMFNFOUT UPUBM@MJTU@TJ[F
MTU <>

QSJOU &NUQZ MJITU TJI[F TJ[F MTU
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4J[F XJUulPVU UIF TJL[F PG UIF FMFNFOUT
4J[F PG BMM UIF FMENFOUT

5PUBM TJ[F PG MJTU JODMVEJOH FMFNFOUT
&NUQZ MJITU TJILF

7D B@M BNMBKTCD EQNL- SGHR SG@S ENQ DUDQX MDV DKDL-DMS VD MDDC @MNSGDQ DHFGS AXSDR ENQ SGD QDEDQDMBD SN SGD
MDV NAIDBS 4GD MDV HVSDFDQ NAIDBS HSRDKE BNMRTLLDR ~ AXSDR 4GD RHYD NE @ KHRS KRS WHSGNTS SGD RHYD NE SGD
DKDL_DMSR B@M AD B@KBTK@SDC VHSG

KDM KRS

AN FDS SGD BNL-OKDSD RHYD NE @M @QAHSQ@QX KHRS NE HMSDFDQR VD G@UD SN @CC SGD RTL. NE @KK SGD RHYDR NE SGD HMSDFDQR

7D VHK DW@LHMD MNV SGD L.DL-NQX BNMRTL.OSHNM NE @ MTLOX @QQ@X 4N SGHR OTQONRD VD VHKK GAUD @ KNNJ @S SGD
HL_OKDL_DMS@SHNM HM SGD ENKKNVHMF OHBSTQD

o

~_Array
Object

7D VHK BQD@SD SGD MTL.OX @QQ@X NE SGD OQDUHNTR CHAFQ@L- @MC B@KBTK@SD SGD L.DL-NQX TR@FD

B 0Q BSSBZ < >
QSJOU TJ[F B

7D FDS SGD L.DL-NQX TR@FD ENQ SGD FDMDQ@K @QQ@X HMENQL-@SHNM AX BQD@SHMF @M DL.OSX @QQ@X

F  0Q BSSBZ <>
QSJOU TJ[F F
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7D B@M RDD SG@S SGD CHEEDQDMBD ADS\VDDM SGD DL.OSX @QQ@X D @MC SGD @QQ@X @ WHSG SGQDD HMSDFDQR BNMRHRSR HM
""XSDR 4GHR L.D@MR SG@S @M @QAHSQ@QX HMSDFDQ @QQ@X NE KDMFSG M HM MTL.OX MDDCR

M " XSDR
\VGDQD@R @ KHRS NE HMSDFDQR MDDCR @R VD G@UD RDDM ADENQD
len(lst) + len(lst)
AGHR HR @ LAMHLTL. DRHL_@SHNM @R OXSGNM HMSDFDQR B@M TRD LLNQD SG@M  AXSDR

7 GDM /D CDEHMD @ - TL.OX Q08X MTL.OX @TSNL.@SHB@KKX BGNNRDR @ EHWDC HMSDFDQ RHYD )M NTQ DW@L.OKD HMS
7D BOM CDSDQLKMD SGD RAYD NE SGD HMSDFDQR \/GDM \/D CDEHMD @M @008X - DDCKDRR SN R@X SGHR BGAMFDR SGD L.DLLNQX
QDPTHQDLDMS

B 0Q BSSBZ < > 00 JOU
QSJOU TJ[F B

B 0Q BSSBZ < > 0Q JOU
QSJOU TJ[F B

B 0Q BSSBZ < > 0Q Jou
QSJOU TJ[F B

B 0Q BSSBZ < > 0Q JOU
QSJOU TJ[F B

TIME COMPARISON BETWEEN PYTHON LISTS AND NUMPY ARRAYS

/D NE SGD L.@HM @CU@MS@FDR NE . TL.OX HR HSR @CU@MS@FD HM SHL.D BNL.O@QDC SN RS@MC@QC OXSGNM , DSR KNNJ @S SGD
ENKKNVHMF ETMBSHNMR

import time
TI[F@PG@WFD

def QVSF@QZUIPO@WFSTJIPO
U UJINF UJNF
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9 SBOHF TJ[F@PG@WFD
SBOHF TJ[F@PG@WFD
c <9<J> :<J> for J in SBOHF MFO 9 >

return UJINF UJNF U

def OVNQZ@WFSTJPO
U UJINF UJNF
9 0Q BSBOHF TJ[F@PG@WFD
0Q BSBOHF TJ[F@PG@WFD
: 9 :
return UJINF UJINF U

,DSR B@KK SGDRD ETMBSHNMR @MC RDD SGD SHL.D BNMRT LLOSHNM

U QVSF@QZU IPO@WFSTJIPO
U OVNQZ@WFSTJPO

QSJOU U U

QSJOU /VNQZ JT JO UIJT FYBNQMF TUS U U GBTUFS
F

/VNQZ JT JO UIJT FYBNQMF GBTUFS

)SR @M D@RHDQ @MC @ANUD @KK ADSSDQ V@X SN L.D@RTQD SGD SHL.DR AX TRHMF SGD SHL.DHS LLNCTKD "7’D VK TRD SGD 4HL.DQ
BK@RR HM SGD ENKKNVHMF RBQHOS

46D BNMRSQTBSNQ NE @ 4HL_DQ NAIDBS S@JDR @ RS@SDLDMS SN AD SHL.DC @M @CCHSHNM@K RS@SDL_DMS TRDC ENQ RDSTO @MC @
SHL.DQ ETMBSHNM **NSG RS@SDLDMSR CDE@TKS SN O@RR

4GD RS@SDLDMSR L.@X BNMS@HM MDVKHMDR @R KNMF @R SGDX CNM S BNMS@HM LTKSH KHMD RSQHMF KHSDQ@KR
T 441.DQ NAIDBS G@R @ SHL-DHS L.DSGNC SHL_DHS HR B@KKDC VHSG @ O@Q@L-DSDQ MTLADQ

UINFJU OVNCFS

AGD L@HM RS@SDLDMS \V/Hkk AD DWDBTSDC MTL.ADQ SHL.DR 4GHR DWDBTSDR SGD RDSTO RS@SDL-DMS NMBD @MC SGDM QDSTQMR
SGD SHL.D HS S@JIDR SN DWDBTSD SGD L_@HM RS@SDL.DMS @ MTL-ADQ NE SHL-DR )$ QDSTQMR SGD SHL-D HM RDBNMCR

Import numpy as np
from timeit import 5JNFS

TI[F@PG@WFD

9@MJTU SBOHF TJ[F@PG@WFD
@MJITU SBOHF TJ[F@PG@WFD
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9 0Q BSBOHF TJ[F@PG@WFD
0Q BSBOHF TJ[F@PG@WFD

def QVSF@QZUIPO@WFSTJIPO
: <9@MITU<JI> :@MJTU<J> for J iIn SBOHF MFO 9@MJTU >

def OVNQZ@WFSTJPO
; 9 :

#timer_obj = Timer("x = x + 1", "x = 0")
UJINFS@PCK 5INFS QVSF@QZUIPO@WFSTJIPO

GSPN @@NBJO@@ JNQPSU QVSF@QZUIPO@WFSTJPO
UINFS@PCK 5INFS OVNQZ@WFSTJPO

GSPN @@NBJO@@ JNQPSU OVNQZ@WFSTJPO

for J in SBOHF
U UINFS@PCK UJNFJU
U UINFS@PCK UJNFJU

QSJOU UJNF GPS QVSF 1ZUIPO WFSTJPO U
QSJOU UJNF GPS /VNQZ WFSTJPO u
QSJOU G /VNQZ XBT {U U : G} UINFT GBTUFS

UINF GPS QVSF 1ZUIPO WFSTJPO
UINF GPS /VNQZ WFSTJPO

/VNQZ XBT UINFT GBTUFS
UINF GPS QVSF 1ZUIPO WFSTJPO
UINF GPS /VNQZ WFSTJPO

/VNQZ XBT UJINFT GBTUFS
UINF GPS QVSF 1ZUIPO WFSTJPO
UINF GPS /VNQZ WFSTJPO

/VNQZ XBT UINFT GBTUFS

46D QDOD@S  L.DSGNC HR @ BNMUDMHDMBD SN B@KK SHLDHS ~ L_TKSHOKD SHL_DR @MC QDSTQM @ KHRS NE QDRTKSR

QSJOU UJINFS@PCK SFQFBU SFQFBU OVNCFS
QSJOU UINFS@PCK SFQFBU SFQFBU OVNCFS
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NUMPY TUTORIAL: CREATING

ARRAYS

7D G@UD @QDC@X RDDM HM SGD OQDUHNTR BG@OSDQ NE NTQ - TL.OX

STSNQH@K SG@S VD B@M BQDE@SD - TL.OX @QQ@XR EQNL KHRSR @MC STOKDR ﬁ
7D V@MS SN HMSQNCTBD MNV ETQSGDQ ETMBSHNMR ENQ BQD@SHVF A@RHB

BQ0OXR

*

DUDMKX RO@BDC U@KTDR VHSGHM @ FHUDM HMSDQU@K /MD @Q@MFD TRDR @
FHUDM CHRS@MBD @MC SGD NSGDQ NMD KHMRO@BD MDDCR SGD MTL-ADQ NE
DKDLDMSR @MC BQD@SDR SGD CHRS@MBD @TSN L-@SHB@KKX :

4GDOD @QD ETMBSHNMR OQNUKCDC AX - TLLOX SN BD@SD GQQ@XR \V/HSG h ’é

CREATION OF ARRAYS WITH EVENLY SPACED VALUES

AGD RXMS@W NE @QGMFD
BSBOHF <TUBSU > TUPQ< TUFQ> < EUZQF /POF>

QBMFD (DSTQMR DUDMKX ROGBDC UGKTDR \/HSGHM @ FHUDM HMSDQU@K 4GD UGKTDR @QD FOMDQ@SDC \/HSGHM SGD GEKE NODM
HVSDQUAK ;RS@QS RSNO )E SGD ETMBSHNM HR TRDC \/KSG HMSDFDQR S HR MD@QKX DPTHUGKDMS SN SGD OXSGNM ATHKS HM ETMBSHNM
Q8MFD ATS @Q@MFD QDSTOMR @M MC@QQ@X Q@SGDQ SGAM @ KHRS HSDOGSNQ @R QAMFD CNDR )E SGD RS@QS 0@Q@L.DSDQ HR MNS FHUDM
HS \/HKk AD RDS SN 4GD DMC NE SGD HMSDQUGK HR CDSDQLLHMDC AX SGD OQ@L.DSD) RSNO  SRTGKKX SGD HMSDQUAK \/HK MINS
HMBKTCD SGHR UGKTD DWBDOS iM RNLD BERDR \/GDOD RSDO HR MNS @M HVSDFDQ @MC EKN@SHMF ONKMS ONTMC NEE @EEDBSR SGD
KDMFSG NE NTSOTS MC@QO@X 4GD ROGBAMF ADS\VDDM S\/N @CI@BDMS UGKTDR NE SGD NTSOTS @008X HR RDS VHSG SGD NOSHNMEK
0@Q@LDSD) RSDO 4GD CDEQTKS UGKTD ENQ RSDO #R  )E SGD O@Q@L.DSDQ RSDO HR FHUDM SGD RS@0S O@0@LDSD) BAMMNS AD
NOSINM@K HD K5 G@R SN AD FHUDM @R VDK 4GD SXOD NE SGD NTSOTS @00@X B@M AD RODBHEKDC \/HSG SGD 0@Q@LDSD) CSXOD
)E HS HR MNS FHUDM SGD SXOD \/Hkk AD @TSNL@SHB@KKX HMEDQQDC EQNL SGD NSGDQ AMOTS @QFT LLDMSR

import numpy as np

B 0Q BSBOHF
QSJOU B
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Y SBOHF
QSJOU Y # X 1S an iterator
QSJOU MJTU Y

# further arange examples:
Y  0Q BSBOHF

QSJoU Y

Y  0Q BSBOHF

QSJoU Y

< >

SBOHF

< >

< >

< >

**D B@QDETK HE XNT TRD @ EKN@S UGKTD ENQ SGD TUFQ O@Q@L-DSDQ @R XNT B@M RDD HM SGD ENKKNVHMF DW@LOKD

0Q BSBOHF
ZT50TS BSSBZ <

4GD GDKO NE BSBOHF  G@R SN R@X SGD ENKKNVHMF ENQ SGD TUPQ 0@Q@LDSDQ  %MC NE HMSDQUEK 4GD HMSDQU@K CNDR
MNS HVBKTCD SGHR UGKTD DWBDOS HM RNLD BERDR VGDQD TUFQ HR MNS @M HMSDFDQ @MC EXN@SHMF ONHMS QNTMC NEE
@EEDBSR SGD KDMFSG NE PVU  4GHR HR VG@S GROODMDC HM NTQ DW@L-OKD

4GD ENKKNVHMF TR@FDR NE BSBOHF R @ AHS NEEAD@S "7 GX RGNTKC VD TRD EKN@S U@KTDR HE VD V@WS HMSDFDQR @R
QDRTKS ¥MXV@X SGD QDRTKS LLHFGS AD BNMETRHMF **DENQD @Q@MFD RS@QSR HS \/HKK QNTMC SGD RS@QS UGKTD DMC U@KTD @MC
SGD RSDORHYD

Y  0Q BSBOHF Jou
QSJOU Y
< >

AGHR QDRTKS CDEHDR @Kk KNFHB@K DWOK@M@SHNMR ¥ KNNJ @S GDKO @KRN GDKOR GDQD "7 GDM TRHMF @ MNM HVMSDFDQ RSDO RTBG
R SGD QDRTKSR WHKK NESDM MNS AD BNMRHRSDMS )S HR ADSSDQ SN TRD OVNQZ MJIOTQBDF ENQ SGDRD BERDR SRHMF
MJOTQBDF HR MNS @M D@RX VNQJ@QNTMC M RNL.D RHST@SHNMR ADB@TRD SGD MTLADQ NE UGKTDR G@R SN AD JMNVM
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4AGD RXMS@W NE KHMRO@BD

MJOTQBDF TUBSU TUPQ OVN FOEQPJOU 5SVF SFUTUFQ "BMTF

KHMRO@BD QDSTQMR @M MC@QQ@X BNMRHRSHMF NE MTL. DPT@KKX RO@BDC R@L-OKDR HM SGD BKNRDC HMSDQU@K ;RS@QS RSNO= NQ SGD
G@KE NODM HMSDQUEK ;RS@QS RSNO )E @ BKNRDC NQ @ G@KE NODM HMSDQU@K \/HKk AD QDSTQMDC CDODMCR NM VGDSGDQ
DMCONHMS HR 4QTD NQ &@KRD 4GD 0@Q@L-DSDQ RS@QS CDEHMDR SGD RS@QS U@KTD NE SGD RDPTDMBD VGHBG VHK AD BQD@SDC
RSNO VHKK SGD DMC U@KTD NE SGD RDPTDMBD TMKDRR DMCONHMS HR RDS SN &@KRD )M SGD K@SSDQ BERD SGD QDRTHKSHMF
RDPTDMBD VHKK BNMRHRS NE @Kk ATS SGD K@RS NE MT L DUDMKX RO@BDC R@L-OKDR 4GHR L.D@MR SG@S RSNO HR DWBKTCDC

- NSD SG@S SGD RSDO RHYD BG@MFDR VVGDM DMCONHMS HR &@KRD 4GD MTL-ADQ NE R@L-OKDR SN AD FDMDQ@SDC B@M AD RDS
VHG MTL VGHBG CDE@TKSR SN )E SGD NOSHNM@K O@Q@L-DSDQ DMCONHMS HR RDS SN 4QTD SGD CDE@TKS RSNO VHKK AD
SGD K@RS RAL-OKD NE SGD RDPTDMBD /SGDQVHRD HS HR MNS HMBKTCDC

import numpy as np

# 50 values between 1 and 10:
QSJOU 0Q MJOTQBDF

# 7 values between 1 and 10:
QSJOU 0Q MJOTQBDF

# excluding the endpoint:

QSJOU 0Q MJOTQBDF FOEQPJOU False
<
>
< >
<
>
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7D G@UDM § CHRBTRRDC NMD HMSDQDRSHMF 0@Q@L-DSDQ RN E@Q )E SGD NOSHNM@K O@Q@L-DSDQ QDSRSDO HR RDS SGD ETMBSHNM
VHKK @KRN QDSTQM SGD U@KTD NE SGD RO@BHMF ADS\VVDDM @CI@BDMS UGKTDR 3N SGD ETMBSHNM \/HKK QDSTQM @ STOKD
RE@L-OKDR RSDO

Import numpy as np

TBNQMFT TQBDJOH 0Q MJOTQBDF SFUTUFQ True

QSJOU TQBDJOH

TBNQMFT TQBDJOH 0Q MJOTQBDF FOEQPJOU True SFUTUFQ T
rue

QSJOU TQBDJOH

TBNQMFT TQBDJOH 0Q MJOTQBDF FOEQPJOU False SFUTUF

Q True

QSJOU TQBDJOH

ZERO-DIMENSIONAL ARRAYS IN NUMPY
)SR ONRRHAKD SN BQD@SD L TKSHCHL-DMRHNM@K @QQ@XR AM MTL-OX 3BEK@QR @QD YDQN CHL-DMRHNM@K )M SGD ENKKNVHMF

DW@L-OKD VD VHKK BQD@SD SGD RB@K@Q T OOKXHMF SGD MCHL. LDSGNC SN NTQ RB@K@Q VD FDS SGD CHL-DMRHNM NE SGD
@0Q@X 7D B@M @KRN RDD SG@S SGD SXOD iR @ MTL.OX MC@QQ@X SXOD

Iimport numpy as np

Y 0Q BSSBZ
QSJoU Y Y
QSJOU 5IF UZQF PG Y UZQF Y

QSJOU 5I1F EJINFOTJPO PG Y 0Q OEJN Y

Y
SIF UZQF PG Y DMBTT OVNQZ OEBSSBZ

51F EINFOTJPO PG Y

ONE-DIMENSIONAL ARRAYS

7D G@UD @KQDE@CX DMBNTMSDQDC @  CHL_DMHNM@K @Q0@X ADSSDQ JMNVM SN RNL.D @R UDBSNQR  HM NTQ HMHSH@K DW@L-OKD
7 G@S VD G@UD MNS LLDMSHNMDC RN E@Q ATS VG@S XNT L.@X G@UD @RRTL.DC HR SGD E@BS SG@S MTL.OX @QQ@XR @QD
BNMS@HMDQR NE HSDL-R NE SGD R@L.D SXOD D F NMKX HMSDFDQR 4GD GNL-NFDMNTR SXOD NE SGD @QQ@X B@M AD CDSDQLHMDC
VHSG SGD @SSQHATSD  CSXOD @R D B@W KD@QM EQNL. SGD ENKKNVHMF DW@L_OKD

*  0Q BSSBZ < >
7 0Q BSSBZ < >
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QsJou - -

QSJou 7 7

QSJOU 5ZQF PG * " EUZQF

QSJOU 5ZQF PG 7 7 EUZQF

QSJOU  %JINFOTJPO PG - 0Q OEJN *
QSJOU  %JINFOTJPO PG 7 0Q OEJN 7
- < >

7 < >

5ZQF PG *  JOU
5ZQF PG 7  GMPBU
%INFOTIPO PG *
%INFOTIPO PG 7

TWO- AND MULTIDIMENSIONAL ARRAYS

/EBNTQRD @QQ@XR NE - TL.OX @QD MNS KHL_HSDC SN NMD CHLDMRHNM 4GDX @QD NE @QAHSQ@QX CHL.DMRHNM 7D BQD@SD SGDL
AX O@RRHMF MDRSDC KHRSR  NQ STOKDR SN SGD @QQ@X L.DSGNC NE MTL.OX

0Q BSSBZ < < >
< >
< >>
QSJou **
QSJOU ' OEJN
<< >
< >
< >>
# 0Q BSSBZ < << > < >>
<< > < >>
<< > < >> >
QSJOU #
QSJOU # OEJN
<<< >
< >>
<< >
< >>
<< >
< >>>
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SHAPE OF AN ARRAY

4GD ETMBSHNM  RG@OD  QDSTQMR SGD RG@OD NE @M @QQ@X 4GD RG@OD HR @ STOKD NE
HMSDFDQR 4GDRD MTL_ADQR CDMNSD SGD KDMFSGR NE SGD BNQQDRONMCHVF @QQ@X
CHL.DMRHNM )M NSGDQ VNQCR 4GD RG@OD NE @M @QQ@X HR @ STOKD VHSG SGD MTLADQ
NE DKDL_DMSR ODQ @WHR CHL_DMRHNM )M NTQ DW@L-OKD SGD RG@OD HR DPT(@kK SN

HD VD G@UD KiMDR @MC  BNKTLMR

Y 0Q BSSBZ < <

VVVYVYV

ANNNNA

QSJOU OQ TIBQF Y

AGDD HR @XRN @M DPTHUGKDMS @0Q@X OQNODQSX

QSJOU Y TIBQF

AGD RGAOD NE @M @QQ@X SDKR TR @KRN RNLDSGHMF @ANTS SGD NQCD) M \/GHBG SGD HMCHBDR
@)D OQNBDRRDC D EHQRS ONV/R SGDM BNKTLLMR @MC @ESDQ SG@S SGD ETQSGD) CHLDMRHNMR

RG@OD B@W @KRN AD TRDC SN BG@MFD SGD RG@OD NE @M @QQ@X

Y TIBQF

QSJOU Y

<< >
< >
< >>

Y TIBQF

QSJOU Y

0= sIxe

axis = 1
67 631 87
77 63 59
85 87 99
™ B
63 8% 93
68 92 78

axis =1
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<< >

ONT LHFGS G@UD FTDRRDC AX MNV SG@S SGD MDV RG@OD L-TRS BNQQDRONMC SN SGD MTL_ADQ NE DKDL.DMSR NE SGD @QQ@X
HD SGD SNS@K RHYD NE SGD MDV @QQ@X L-TRS AD SGD R@L.D @R SGD NKC NMD 7D VHK Q@HRD @M DWBDOSHNM HE SGHR HR MNS SGD
B@RD

,DSRKNNJ @ RNL.D ETQSGDQ DW@LOKDR

46D RG@AOD NE @ RB@KAQ R @M DL-OSX STOKD

Y 0Q BSSBZ
QSJOU 0Q TIBQF Y

# 0Q BSSBZ < << > < >>
<< > < >>
<< > < >>
<< > < >> >

QSJOU # TIBQF

INDEXING AND SLICING

T RRHFMHMF SN @MC @BBDRRHMF SGD DKDL.DMSR NE @M @QQ@X HR RHL_HK@Q SN NSGDQ RDPTDMSH@K C@S@ SXODR NE OXSGNM HD KHRSR
@MC STOKDR 7D G@UD @RN L-@MX NOSHNMR SN HMCDWHMF \/GHBG L@JDR HMCDWHMF HM - TL.OX UDQX ONVDQETK @MC
RHL_HK@Q SN SGD HMCDWHMF NE KHRSR @MC STOKDR

3HMFKD HMCDWHMF ADG@UDR SGD V@X XNT VHKK LLNRS OQNA@AKX DWODBS HS

" 0Q BSSBZ < >
# print the first element of F

QSJOU "< >

# print the last element of F

QSJoU "< >
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JMCDWHMF L TKSHCHL_DMRHNM@K @QQ@XR

" 0Q BSSBZ < < >
< >
< >>

QSJOU "< >< >

7D (@BBDRRDC @M DKDL-DMS HM SGD RDBNMC QNV HD SGD QNV VHSG SGD HMCDW ~ @MC SGD EHQRS BNKTLLM HMCDW 7D
@BBDRRDC K5 SGD R@L.D V@X VD VNTKC GAUD CNMD VHSG @M DKDL.DMS NE @ MDRSDC OXSGNM KHRS

ONT G@UD SN AD @V@QD NE SGD E@BS SG@S VV@X NE @BBDRRHMF LTKSH CHL-DMRHNM@K @QQ@XR B@M AD GHFGKX HMDEEHBHDMS 4GD
QD@RNM HR SG@S VD BQD@SD @M HMSDQL-DCH@SD @QQ@X ¥; =EQNL. \VGHBG VD @BBDRR SGD DKDL-DMS VHSG SGD HMCDW 3N KS
ADG@UDR RHLHK@Q SN SGHR

UNQ "< >
QSJOU UNQ
QSJOU UNQ< >

< >

4GDQD HR @MNSGDQ V@X SN @BBDRR DKDL-DMSR NE L-TKSH CHL_DMRHNM@K @QQ@XR HM - TL.OX 7D TRD NMKX NMD O@H) NE
RPT@QD AQ@BJDSR @MC @Kk SGD HMCHBDR @QD RDO@Q@SDC AX BNLL@R

QSJOU "< >

7D GRRTLD SG@S XNT @QD E@L-HK@Q VHSG SGD RKHBHMF NE KHRSR @MC STOKDR 4GD RXMS@W HR SGD R@L-D HM MTL-OX ENQ NMD
CHLDMRHNM@K @QQ@XR ATS HS B@M AD @OOKHDC SN LTKSHOKD CHL_DMRHNMR @R \/DKK

AGD FDMDO@K RXMS@W ENQ @ NMD CHLLDMRHNMGX @008X ¥ KNNJR KHID SGHR
"<TUBSU TUPQ TUFQ>

7D HKTRSQ@SD SGD NODQ@SHMF OQHMBHOKD NE  RKHBHMF \/HSG RNLLD DW@L-OKDR 7D RS@QS VHSG SGD D@RHDRS B@RD HD SGD
RKHBHMF NE @ NMD CHL_DMRANM@K @QQ@X

4 00Q BSSBZ < >
QSJOU 4< >
QSJOU 4< >
QSJOU 4< >
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QSJOU 4< >

< >
>
>

NN AN

7D VHK HKTRSQ@SD SGD L TKSHCHLDMRHNM@K RKHBHMF HM SGD ENKKNVHMF DW@L-OKDR 4GD Q@MFDR ENQ D@BG CHL-DMRHNM @QD
RDO@Y@SDC AX BNLL@R

" 0Q BSSBZ <

NNNNA
V V. VYV

QSJOU "< >

<< >

< >>

QSJOU "< >

<< >
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QSJOU "< >

<<

VV VYV

NNNNA

AGD ENKKNVHMF SN DW@L-OKDR TRD SGD SGHQC O@Q@L-DSDQ RSDO  4GD QDRG@OD ETMBSHNM HR TRDC SN BNMRSQTBS SGD SVN
CHL_DMRANM@K @QQ@X 7D \V/Hkk DWOK@HM QDRG@OD HM SGD ENKKNVHMF RTABG@OSDQ

9  0Q BSBOHF SFTIBQF
QSJOU 9
<< >

< >

< >

< >>
QSJOU 9< >
<< >

< >>
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QSJOU 9< >

<< >
< >
< >
< >>

)E SGD MTLADQ NE NAIDBSR HV SGD RDKDBSHNM STOKD HR KDRR SG@M SGD CHL-DMRHNM . SGDM HR @RRTL.DC
ENQ @MX RTARDPTDMS CHL-DMRANMR

" 0Q BSSBZ
< << > < > < > >
< < > < > < > >
< < > < > < > > >
3 > # equivalent to A[1:3, 0:2, :]
< >>
<< >

< >>>
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¥SSDMSINM 7 GDQD@R RKHBHMFR NM KHRSR @MC STOKDR BQD@SD MDV/ NAIDBSR @ RKHBHMF NODQ@SHNM NM @M @Q0@X BQD@SDR @
UHD\/ NM SGD NQHFHM@K @Q08X 3N VD FDS @M @MNSGD( ONRRHAHHSX SN @BBDRR SGD @00@X NQ ADSSDQ @ 0@QS NE SGD QQ@X
&ONL SGHR ENKKNV/R SG@S HE VD LLNCHEX @ UKDV SGD NQHFHM@K @008X \/Hkk AD LLNCHEHDC @R /DK

“  0Q BSSBZ < >
4 < >

4< >

4< >

QSJou **

< >

$BNHVMF SGD RHLHK@Q SGHMF \V/HSG KHRSR /D B@M RDD SG@S VD FDS @ BNOX

MTU < >
MTU MTU< >

MTU < >

MTU < >

QSJOU MTU

< >

)E XNT V/@MS SN BGDBJ HE SVN Q08X M@LDR RGAQD SGD RALD LDLNQX AKNBJ XNT B@M TRD SGD ETMBSHNM
MO L.@X>RGAQD>LDLNQX

0Q NBZ@TIBSF@NFNPSZ ™ #
AN CDSDQLHMD HE S\VN @QQ@XR ¥ @MC ** B@M RG@QD L.DLLNQX SGD L.DLLNQX ANTMCR NE ¥ @MC ** @QD BNL.OTSDC 4GD

ETMBSHNM QDSTQMR 4QTD HE SGDX NUDGKBO @MC &GKRD NSGDQVHRD 4GD ETMBSHNM L.@X FHUD EGKRD ONRHSHUDR H D HE KS
ODSTOMR 4QTD #5 ITRS LLD@MR 5G@S SGD @QQ@XR may AD SGD RGLD

O0Q NBZ@TIBSF@NFNPSZ ™ 4

4GD ENKKNVHMF BNCD RGNVR (@ BGRD HM VGHBG SGD TRD NE L. @X>RG@QD>L-DLNQX HR PTHSD TRDETK

" 0Q BSBOHF
# " SFTIBQF

"< >

QSJOU #

<< >
< >
< >>

-5-09454/2)1, #2%14)_" 122193



7D BEM RDD SG@S ¥ @MC ** RGAQD SGD LDLLNQX M RNL.D VV@X 4GD QX @SSHATSD C@S@ HR @M NAIDBS ONHMSDO SN SGD
RS@QS NE @M @Q08X R COS0

"*T$ /D R@V/ $GS HE /D BGAMFD @M DKDLDMS NE NMD @008X SGD NSGDQ NMD HR BGEMFDC @R \/DKK 4GHR EGBS HR (DEKDBSDC
AX L@X>RGAQD>LDLNQX

0Q NBZ@TIBSF@NFNPSZ ' #
/TOTS 5gvE

AGD (DRTKS GANUD HR EGKRD ONRKSHUD  DW@L_OKD ENQ L@X>RGAQD>L.DLNOX HM SGD RDMRD $G@S RNL.DANCX L.@X SGHMJ
$GS SGD @QUAXR QD SGD RALD \/GHBG HR MNS SGD BERD

CREATING ARRAYS WITH ONES, ZEROS AND EMPTY
4GDQD @D SVN V@XR NE HMHSHEKHYHMF ® QQ@XR VHSG =DONR NQ /MDR 4GD L.DSGNC NMDR S S@JDR @ STOKD S VHSG SGD

RG@OD NE SGD @QQ@X @MC EHKKR SGD @QQ@X @BBNQCHMFKX VHSG NMDR **X CDE@TKS HS VKK AD EHKKDC VHSG /MDR NE SXOD EKN@S
)E XNT MDDC HMSDFDQ /MDR XNT G@UD SN RDS SGD NOSHNM@K 0@Q@L-DSDQ CSXOD SN HMS

import numpy as np

& 0Q POFT
QSJOU &
" 0Q POFT EUZQF JOU
QsJou *
<< >

< >>
<< >

< >

< >>

7 G@S VD GAUD REHC @ANTS SGD L.DSGNC NMDR  HR U@KHC ENQ SGD L.DSGNC YDQNR ~ @M@KNFNTRKX @R /D B@M RDD HM SGD
ENKKNVHMF DW@L_OKD

- 0Q [FSPT

QSJOU ;

<< >
< >>
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46DQD HR @MNSGDQ HMSDQDRSHMF V@X SN BQD@SD @M @QQ@X VHSG /MDR NQ VHSG zDQNR HE HS GER SN G@UD SGD R@L-D RG@OD @R
@MNSGDQ DWHRSHMF @Q0@X @ - TL.OX RTOOKHDR ENQ SGHR OTQONRD SGD L.DSGNCR NMDR>{HJD @ @MC YDQNR>KHID @

Y 0Q BSSBZ < >
& 0Q POFT@MJILF Y

QSJOU &

- 0Q [FSPT@MJILF Y

QSJOU ;

< >

< >

AGDQD HR @KRN @ V/@X NE BQD@SHMF @M @008X \V/KSG SGD FNQUZ ETMBSINM )S BQD@SDR @MC QDSTOMR @ QDEDQDMBD SN @ MDV/
008X NE FHUDM RGEOD @MC SXOD V/HSGNTS HMKSHEKAYHMF SGD DMSGHDR 3N LDSHLDR SGD DMSQHDR @QD YDQNR ATS XNT
RGNTKCM S AD LLARKDBC SRT@KKX SGDX @0D BQAHSQBQX UGKTDR

0Q FNQUZ

/TO0TS BgsBZ << >
< >>

COPYING ARRAYS

DPQZ PCK PSEFS ,

2DSTQM @M @QQ@X BNOX NE SGD FHUDM NAIDBS NAI

Parameter Meaning

NAI @0Q@X>KHID HMOTS C@s@

AGD ONRRWAKD UGKTDR D Z# & ¥ +\ 4GHR 0GQBLDSD) BNMSQNKR SGD LLDLLNQX K@XNTS NE SGD BNOX # L.D@MR # NQCDQ
NQCDO & LDGMR &NQSQBM NQCDQ ¥ L.DGVR & HE SGD NAIDBS NAI HR &NQSQ@M BNMSHFTNTR # NSGDQVHRD + LD@VR L.GSBG SGD
KBXNTS NE NAI @R BXNRDKX @R ONRRHAKD
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import numpy as np

Y 0Q BSSBZ << > < >> PSEFS *
Z Y DPQZ
Y< >
QSJoU Y
QSJOU Z
<< >
< >>
<< >
< >>

QSJOU Y GMBHT< $@$0/5*(6064 >
QSJOU Z GMBHT< $@$0/5*(6064 >

"BMTF
5SVF

4GDQD HR @KRN @ MC@QQ@X L.DSGNC BNOX V/GHBG B@M AD CHQDBSKX @OOKHDC SN @M @QQ@X )S HR RHLHKH@Q SN SGD @ANUD
ETMBSHNM ATS SGD CDE@TKS UGKTDR ENQ SGD NQCDQ @QF T LLDMSR @QD CHEEDQDMS

B DPQZ PSEFS $

2DSTQMR @ BNOX NE SGD @008X @

Parameter Meaning

NQCDQ 4GD RELD @R VHG MTLOX BNOX ATS # HR SGD CDE@TKS U@KTD ENQ NQCDQ

import numpy as np

Y 0Q BSSBZ << > < >> PSEFS -~
Z Y DPQzZ

Y< >

QSJou Y
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QSJOU Z

QSJOU Y GMBHT< $@$0/5*(6064 >
QSJOU Z GMBHT< $@$0/5*(6064 >

<< >
< >>
<< >
< >>
"BMTF
5SVF

IDENTITY ARRAY

)M KHMD@Q @KFDAQ® SGD HCDMSHSX L-@SQHW NQ TMHS L@SQHW NE RHYD M HR SGD M g M RPT@QD L-@SQHW \/HSG NMDR NM SGD L@HM
CH@FNM@K @MC YDQNR DKRDVGDQD

4GDQD @QD SN VEXR HM - TL.OX SN BQD@SD HCDMSHSX @QQ@XR

a HCDMSX
a DXD

7D B@M BQD@SD HCDMSHSX @QQ@XR VHSG SGD ETMBSHNM HCDMSHSX
JEFOUJUZ O EUZQF /POF

AGD 008 LDSDOR

Parameter Meaning

M IMHVSDFDQ MTL.ADQ CDEHMHMF SGD MTL.ADQ NE ONV/R @MC BNKTLMR NE SGD NTSOTS HD M W M
CSXO0D ¥ M NOSINM@K @QFTL.DMS CDEHVHMF SGD C@S@ SXOD NE SGD NTSOTS 4GD CDE@TKS HR EKNGS
4GD NTSOTS NE HCDMSHSX HR @M M W M @Q0@X VHSG HSR L@HM CH@FNM@K RDS SN NMD @MC @Kk NSGDQ DKDL_DMSR @QD

import numpy as np

0Q JEFOUJUZ
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/TS0TS BSSBZ << >

< >
< >
< >>

0Q JEFOUJUZz EUZQF JOU # equivalent to np.identity(3, iInt)

/TO0TS BgsBZ << >
< >
< >
< >>

TMNSGDQ V@X SN BQD@SD HCDMSHSX @QQ@XR OQNUHCDR SGD ETMBSHNM DXD 4GHR ETMBSHNM BQD@SDR @KRN CHAFNM@K @QQ@XR
BNMRHRSHMF RNKDKX NE NMDR

)SQDSTQMR @ < @QQ@X \/HSG NMDR NM SGD CHEFNM@k @MC YDQNR DKRD\VGDQD

FZF /7 . /POF L EUZQF GMPBU

Parameter Meaning

¥ M HMSDFDQ MTLADQ CDEHMHMF SGD QNV/R NE SGD NTSOTS @QQ8X
- ¥ M NOSHNMG@K HVSDFDQ ENQ RDSSHMF SGD MTLADQ NE BNKTLLMR KM SGD NTSOTS )E S HR - NMD K5 CDEGTKSR SN -

SBDEHVMHMF SGD ONRHSHNM NE SGD CHAFNM@K 4GD CDE@TKS HR QDEDQR SN SGD L_@HM CH@FNM@K ¥ ONRHSHUD U@KTD QDEDQR SN @M
TOODQ CHOFNMEK @MC @ MDF@SHUD U@KTD SN @ KN\/DQ CHAFNM@X

CSXOD /0SNM@K CAS@ $XOD NE SGD QDSTOMDC 608X

DXD QDSTQMR @M MC@QQ@X NERG@OD . —  TKK DKDLDMSR NE SGHR @QQ@X @QD DPT@K SN YDQN DWBDOS ENQ SGD J SG
CH@FNM@K VGNRD U@KTDR @QD DPT@K SN NMD

import numpy as np

0Q FzF L EUZQF Jou
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/T50TS BSSBZ <<
<

VVVYV

<
<
<

46D OQHMBHOKD NE NODQ@SHNM NE SGD 0@Q@L-DSDQ C NE SGD DXD ETMBSHNM HR HKKTRSQ@SDC HM SGD ENKKNVHMF CHAFQ@ L

k=
-1

EXERCISES:
#(D@SD @M BQAHS0BQX NMD CHLDMRANMEK @QQ8X BEKKDC U
#(D@SD @ MDV @Q08X \/GHBG BNMRHRSR NE SGD NCC HMCHBDR NE OQDUKNTRKX BQD@SDC 60X U
#(D@SD @ MDV @Q08X KM AGBIVBOCR NQCDOAMF EQNL. U
7/G@S VK AD SGD NTSOTS NE SGD ENKKNVAHMF BNCD
B 0Q BSSBZ < >
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C B< >
C< >
QSJOoU B< >

#QDOSD @ SVN CHLDVRANMGK Q0@X BEKKDC L

#QDOSD @ MDV/ §008X EQNL. L HM \/GHBG SGD DKDLDMSR NE DEBG QNV/ @QD H QDUDGRD NQCDQ
T MNSGDQ NMD \/GDQD SGD QNV/R @QD K QDUDQRD NQCDQ

#QDASD @M Q08X EQNL. L \/GDGD BNKTLMR GMC NV/R @QD M QDUDGRD NQCDQ

#TS5 NE 5GD EHQRS @MC K@RS QNV @MC SGD EHQRS @MC K@RS BNKT LM

SOLUTIONS TO THE EXERCISES:

JINQPSU OVNQZ BT 0Q
B 0Q BSSBZ < >

PEE@FMFNFOUT  B< >
(DUDQRD>NQCDQ  @; =
4GD NTSOTS VHKAD ~ ADB@TRD RKHBDR @QD UHDV/R HM MTL.OX @MC MNS BNOHDR
L MO @Qoex ; ; =, :;
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DATA TYPE OBJECTS, DTYPE

DTYPE
AGD C@50 SXOD NAIDBS CSXOD HR @M HVRS@MBD NE MTLLOX CSXOD BXGRR )S —
BOM AD BQDSDC VHSG MTL.OX CSXOD Bchonnds |35y 41526 teossson
3Belgium 337 30510 11007020
3N EGQ \/D GOUD TRDC KM NTQ DWAL.OKDR NE MTLLOX @008XR NMKX [lUnited Kingdor 256 243610 62262000
ETMCALLDMS@K MTLDOHB CS@ SXODR KKID KMS @MC EKNGS 4GDRD MTLOX o il . 255 sorezt, 81799009
G0DAXR BNMSGHNDC RNKDKX GNLNFDMNTR C@S0 SXODR CSXOD NAIDBSR gD » 1= 192 301230 56715625
BNMRSQTDC AX BNLAHM@SHNVR NE ETMC@LDMS@X COS@ SXODR 77HSG SGD @HC - o %000
NE CSXOD /D @QD BAOGAKD SN BD@SD 350TBSTQDC XQ0AXR  GKRN erance 1L 547030 63601002
JMNVM @R 2DBNQC 1Q08XR  4GD ROTBSTODC BQQ8XR OQNUKCD TR VHSG oo Bi 133940 11606833
SGD @AHKHSX SN GBUD CHEEDDIS C@S@ SXODR ODQ BNKTLLM ) GGR RALHK@QHSX 2 =20 65 70280 4581269
SN SGD RSQTBSTOD NE DWBDK N BRU CNBTLLDMSR 4GHR L.@JDR S ONRRHAD SN = - - f6 33424 5410233
1siNorway 13 385252 5033675

CDEHMD C@5@ KHID SGD NMD HM SGD ENKKNVHMF SGAKD WHSG CSXOD

Country Population Density Area Population

- DSGDQK@MCR

""DKFHT L

SMHSDC +HMFCNL

" DOL@MX

, HDBGSDMRSDHM

)S8KX

3VHYDOKEMC

, TWDLANTQF

&(BMBD

¥ TRSQH

$141 490% /" "*%+#43 $490%



Country Population Density Area Population
* (DDBD
QDKGMC
3VvDCDM
&HMK@MC
- NQV@X

**DENQD VD RS@QS VHSG @ BNL-OKDW C@S@ RSQTBSTQD KHJD SGD OQDUKNTR C@S@ VD V@MS SN HMSQNCTBD CSXOD M @ UDQX
RHL_OKD DW@L-OKD "7D CDEHMD @M HMS ~ C@5@ SXOD @MC B@KK SGHR SXOD H 7D GQUD SN @CLHS SG@S SGHR HR MNS @ MHBD
M@LD ATS VD TRD H5 NMKX GDQD ~ 4GD DKDL.DMSR NE SGD KHRS KRS @QD STQMDC HMSN #  SXODR SN BQD@SD SGD SVN
CHL_DMRHNM@K @QQ@x 1

Import numpy as np

J 0Q EUZQF 0Q Jou
QSJou J
MTU < < >
< >
< > >

. 0Q BSSBZ MTU EUZQF J

QsJou

Jou

<< >
< >
< >>

7D HMSQNCTBDC @ MDV M@L.D ENQ @ A@RHB C@5@ SXOD HM SGD OQDUHNTR DW@L.OKD 4GHR GAR MNSGHMF SN CN VHSG SGD
RSQTBSTQDC @QQ@XR VGHBG VD L.DMSHNMDC HM SGD HMSQNCTBSHNM NE SGHR BG@OSDQ NE NTQ CSXOD STSNQH@K
STRUCTURED ARRAYS

MC@QQ@XR @QD GNL-NFDMDNTR C@S@ NAIDBSR HD (@K DKDLLDMSR NE @M @QQ@X G@UD SN AD NE SGD R@L-D C@5@ SXOD 4GD C@s@
$XOD CXSOD NM SGD NSGDQ G@MC @KKNVR @R SN CDEHMD RDO@Q@SD C@S@ SXODR ENQ D@BG BNKT LM
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-NV VD VHKK S@ID SGD EHQRS RSDO SNV@QCR HL-OKDL-DMSHMF SGD S@AKD VHSG %TQNOD@M BNTMSQHDR @MC SGD HMENQL-@SHNM
NM ONOTK@SHNM  @QD@ @MC ONOTK@HNM CDMRHSX 7D BQD@SD @ RSQTBSTQDC @QQ@X VHSG SGD CDMRHSX BNKTLM 4GD C@S@
SXOD HR CDEHMDC @R OQ EUZQF < EFOTJUZ  0OQ JOU > 7D @RRHFM SGHR C@S@ SXOD SN SGD UGQHEAKD CS
ENQ SGD R@JD NE BNMUDMHDMBD 7D TRD SGHR C@S@ SXOD HM SGD C@QQ@X CDEHMHSHNM HM V/GHBG VD TRD SGD EHQRS SGQDD
CDMRHSHDR

Import numpy as np
EU 0OQ EUZQF < EFOTJUZ 0Q Jou >

Y 0Q BSSBZ < >
EUZQF EU

QSJOU Y

QSJOU \n5IF JOUFSOBM SFQSFTFOUBUJPO
QSJOU SFQS Y

< >

51F JOUFSOBM SFQSFTFOUBUJPO
BSSBZ < >
EUZQF < EFOTJUZ J >

7D B@M @BBDRR SGD BNMSDMS NE SGD CDMRHSX BNKT LM AX HMCDWHMF W VHSG SGD JDX CDMRHSX )S KNNJR KHID @BBDRRHMF @
CHBSHNM@QX HM OXSGNM

QSJOU Y< EFOTJIUZ >

< >

ONT L@X VNMCDQ SG@S VD G@UD TRDC MO HMS  HM NTQ CDEHMHSHNM @MC SGD HMSDQM@K QDOQDRDMS@SHNM RGNVR  H 7D
B@M TRD HM SGD CSXOD CDEHMHSHNM SGD SXOD CHQDBSKX D F MO HMS ~ NQ VD B@M TRD @ RSGfMF DF H 3N VD BNTKC
G@UD CDEHMDC NTQ CSXOD KHJD SGHR @R \/DKK

EU 0Q EUZQF < EFOTJUZ J >

Y 0Q BSSBZ < >
EUZQF EU

QSJOU Y

< >

4GD H L.D@MR HMSDFDQ @GMC SGD  L.D@MR ~ AXSDR "7 G@S @ANTS SGD KDRR SG@M RHFM HM EQNMS NE #  HM SGD QDRTKS 7D
BNTKC G@UD VQHSSDM  H  HM NTQ CDEHMHSHNM @R WDKK "7D B@M OQDEHW @ SXOD VHSG SGD  @MC ~ RHFM  L.D@MR SG@S
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SGD DMBNCHMF \HKK AD KHSSKD DMCH@M @MC ~ L_D@MR SG@S SGD DMBNCHMF \HKK AD AHF DMCH@M - N OQDEHW L-D@MR SG@S VD
FDS SGD M@SHUD AXSD NQCDQHMF "7D CDLNMRSQ@SD SGHR HM SGD ENKKNVHMF AX CDEHMHMF @ CNTAKD OQDBHRHNM EKN@SHMF
ONHMS MTL_ADQ HM UGQHNTR NQCDQHMFR

# little-endian ordering
EU 0Q EUZQF E
QSJOU EU OBNF EU CZUFPSEFS EU JUFNTJ[F

# big-endian ordering
EU 0Q EUZQF E
QSJOU EU OBNF EU CZUFPSEFS EU JUFNTJ[F

# native byte ordering
EU 0Q EUZQF E
QSJOU EU OBNF EU CZUFPSEFS EU JUFNTJ[F

GMPBU
GMPBU
GMPBU

AGD DPT@K BGEQ@BSDY ~ RS@MCR ENQ M@SHUD AXSD NQCDQHMF  CDEHMDC AX SGD NODQ@SHMF RXRSDL. )M NTQ B@RD SGHR
LD@MR KiSSKD DMCHEM ADB@TRD VD TRD @ , HMTW BNL.OTSDQ

T MNSGDQ SGHMF HM NTQ CDMRHSX @QQ@X L_HFGS AD BNMETRHMF 7D CDEHMDC SGD @QQ@X VHSG @ KHRS BNMS@HMHMF NMD STOKDR
3N XNT L@X @RJ XNTQRDKE HE HS HR ONRRHAKD SN TRD STOKDR @MC KHRSR HMSDQBG@MFD@AKX 4GHR HR MNS ONRRHAKD 4GD
STOKDR @QD TRDC SN CDEHMD SGD QDBNQCR  HM NTQ B@RD BNMRHRSHMF RNKDKX NE @ CDMRHSX  @MC SGD KHRS HR SGD BNMS@HMDQ
ENQ SGD QDBNQCR NQ HM NSGDQ VNQCR SGD KHRSR @QD BTQRDC TONM  4GD STOKDR CDEHMD SGD @SNL_HB DKDL-DMSR NE SGD
RSQTBSTQD @MC SGD KHRSR SGD CHL-DMRHNMR

-NV VD VHK @CC SGD BNTMSQX MEL.D SGD @QD@ @MC SGD ONOTK@SHNM MTLADQ SN NTQ C@5@ SXOD

EU 0Q EUZQF < DPVOUSZ 4 EFOTJUZ  J BSFB  J

QPQVMBUJPO  J >
QPQVMBUJPO@UBCMF ~ 0Q BSSBZ <

/FUIFSMBOET

H#FMHIVN

60JUFE , JOHEPN

(FSNBOZ

~JFDIUFOTUFJO

*UBMZ

AXJU[FSMBOE

~VYFNCPVSH

" SBODF

"VTUSJB

(SFFDF
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*SFMBOE
AXFEFO
" JOMBOE
/PSXBZ >
EUZQF EU
QSJOU QPQVMBUJPO@UBCMF< >

< C /FUIFSMBOET
C #FMHJIVN
C 60JUFE ,JOHEPN
C (FSNBOZ >

7D B@M @BBDR DUDQX BNKTLM HMCHUHCT @KKX

QSJOU QPQVMBUJPO@UBCMF< EFOTJUZ >
QSJOU QPQVMBUJPO@UBCMF< DPVOUSZ >
QSJOU QPQVMBUJPO@UBCMF< BSFB >< >

< >

<C /FUIFSMBOET C #FMHJVN C 60JUFE ,JOHEPN C (FSNBOZ C -JFDIUFO
TUFJO

C *UBMZ C 4XJU[FSMBOE C -VYFNCPVSH C "SBODF C "VTUSJB C (SFF
DF

C *SFMBOE C 4XFEFO C "JOMBOE C /PSXBZ >
< >

UNICODE STRINGS IN ARRAY

3NLD L@X GAUD MNSHBDC SG@S SGD RSQHMFR HM NTQ OQDUHNTR @QQ@X GEUD ADDM OQDEHWDC VHSG @ KNVDQ B@RD A 4GHR
L.D@MR 5G@S VD GEUD BQD@SDC AHM@QX RSQHMFR WHSG SGD CDEHMHSHNM ~ BNTMSQX 3 AN FDS TMHBNCD RSQHMFR VD
DWBGEMFD SGHR WHSG SGD CDEHMHSHNM ~ BNTMSQX MO TMHBNCD 7D VHK QDCDEHMD NTQ ONOTK@SHNM SGAKD MNV

EU 0Q EUZQF < DPVOUSZ 0Q VOJDPEF
EFOTIUZ  J
BSFB  J
QPQVMBUJPO  J >
QPQVMBUJPO@UBCMF ~ 0Q BSSBZ <
/FUIFSMBOET
#FMHIVN
60JUFE ,JOHEPN
(FSNBOZ
~JFDIUFOTUFJO
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*UBMZ
4XJU[FSMBOE
~VYFNCPVSH
" SBODF
"VTUSJB
(SFFDF
*SFMBOE
AXFEFO
* JOMBOE
/PSXBZ >
EUZQF EU
QSJOU QPQVMBUJPO@UBCMF< >

< /FUIFSMBOET #FMHJVN

60JUFE , JOHEPN
(FSNBOZ >

INPUT AND OUTPUT OF STRUCTURED ARRAYS

)M LLNRS @OOKHB@SHNMR HS \/HKk AD MDBDRR@QX SN R@UD SGD C@5@ EQNL- @ OQNFQ@L- HMSN @ EKD 7D VHKK \/QHSD NTQ
OQDUHNTRKX BQD@SDC C@QQ@X SN @ EHKD VHSG SGD BNLL.@MC RQUDSWS ONT VHKK EHMC @ CDS@HKDC HMSQNCTBSHNM HMSN SGHR
SNOHB HM NTQ BG@OSDQ 2DACHME AMC "7 OHHME 5050 &HKDR

0Q TBWFUYU QPQVMBUJPO@UBCMF DTW
QPQVMBUJPO@UBCMF
GNU %s %d %d %d
EFMINJUFS

)S HR GHFGKX OQNA@AKD SG@S XNT VHK MDDC SN QD@C HM SGD OQDUHNTRKX VQHSSDM EHKD @S @ K@SDQ C@SD 4GHR BEM AD
@BGHDUDC VHSG SGD ETMBSHNM FDMEQNLSWS

EU 0Q EUZQF < DPVOUSZ 0Q VOJDPEF EFOTIUZ  J B
SFB J QPQVMBUJPO  J >
Y  0Q HFOGSPNUYU QPQVMBUJPO@UBCMF DTW

EUZQF EU

EFMINJUFS

QSJOU Y
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< /FUIFSMBOET #FMHJVN

60JUFE , JOHEPN

(FSNBOZ

~JFDIUFOTUFJO *UBMZ
4XJIU[FSMBOE

~VYFNCPVSH " SBODF
"VTUSJB (SFFDF
*SFMBOE AXFEFO

* JOMBOE /PSXBZ

>

AGDQD HR @KRN @ ETMBSHNM  KN@CSWS ~ ATS HS HR LLNQD CHEEHBTKS SN TRD ADB@TRD HS QDSTQMR SGD RSQHMFR @R AHM@QX RSQHMFR

4N NUDQBNL.D SGHR OQNAKDL- VD B@M TRD KN@CSWS VHSG @ BNMUDQSDQ ETMBSHNM ENQ SGD EHQRS BNKT LM

EU 0Q EUZQF < DPVOUSZ 0Q VOJDPEF EFOTIUZ  J B
SFB J QPQVMBUJPO  J >
Y 0Q MPBEUYU QPQVMBUJPO@UBCMF DTW
EUZQF EU
DPOWFSUFST \  lambda Y Y EFDPEF VUG A
EFMINJUFS
QSJOU Y
< /FUIFSMBOET HFMHIVN
60JUFE , JOHEPN
(FSNBOZ
~JFDIUFOTUFJO *UBMZ
4XJIU[FSMBOE
~VYFNCPVSH " SBODF
"VTUSJB (SFFDF
*SFMBOE AXFEFO
* JOMBOE /PSXBZ

>
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EXERCISES:

*"DENQD XNT FN NM XNT L@X S@JD SHL.D SN CN RNL.D DWDQBHRDR SN CDDODM SGD TMCDQRS@MCHMF NE SGD OQDUHNTRKX
KD@QMDC RSTEE

%6WDBHRD

SDEAMD @ RSQTBSTODC Q08X \VHSG SVN BNKTLLMR 4GD EHORS BNKT LM BNMS@HMR SGD OQNCTBS )$ \/GHBG BaM
AD CDEHMDC @R @M KM 4GD RDBNMC BNKTLLM RG@KK BNMS@HM SGD OQHBD ENQ SGD OQNCTBS (NV/ BOM XNT
OQHMS NTS SGD BNKTLM \/#5G SGD OQNCTBS )R SGD EHQRS NV @MC SGD OQHBD ENQ SGD SGH)C @QSHBKD NE SGHR
RSOTBSTQDC @Q0EX

%6WDQBHRD
&HFTQD NTS @ C@S® SXOD CDEHVHSANM ENQ SHL.D QDBNQCR \/HSG DMSGHDR ENQ GNTQR LLAMTSDR @MC RDBNMCR

SOLUTIONS:

3NKTSHNM SN SGD EHQRS DWDQBHRD

import numpy as np

NZUZQF < QSPEVDU*%  0Q JOU QSJDF  0OQ GMPBU >

TUPDL  0Q BSSBZ <

> EUZQF NZUZQF

QSJOU TUPDL< >

QSJOU TUPDL< QSPEVDU*% >
QSJOU TUPDL< >< QSJDF >
QSJOU TUPDL

3NKTSHNM SN SGD RDBNMC DWDQBHRD
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UINFOUZQF  0Q EUZQF < 1  JOU NJO  JOu
TFD JOU >

UINFT  0Q BSSBZ <

> EUZQF UJNF@UZQF
QSJOU UJINFT
QSJOU UJINFT< >
# reset the first time record:
UINFT< >
QSJOU UJINFT< >

< >

A MORE COMPLEX EXAMPLE:

7D VHK HMBQD@RD SGD BNL-OKDWHSX NE NTQ OQDUHNTR DW@L-OKD AX @CCHWMF SDL_ODQ@STQDR SN SGD QDBNQCR

UINFUZQF  0Q EUZQF 0Q EUZQF < UJNF < I  JOU NJO
u TFD  JOU >
UFNQFSBUVSF  GMPBU >

UINFT  0OQ BSSBZ <

ZQF UJINF@UZQF

QSJOU UJINFT

QSJOU UINFT< UINF >

QSJOU UJINFT< UINF >< 1 >
QSJOU UJINFT< UFNQFSBUVSF >

< >
< >

< >

< >

EXERCISE

AGHR DWDQBHRD RGNTKC AD BKNRDQ SN QD@K KHED DW@L-OKDR SRT@KKX VD G@UD SN BQD@SD NQ FDS SGD C@S@ ENQ NTQ
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RSOTBSTQDC @Q0@X EQNL. RNL.D C@S@ AGRD NQ EHD 77D \/Hkk TRD SGD K#RS \V/GHBG VD G@UD BQD@SDC #M NTQ BGAOSD) NM EHD
)/ &HD —GMAFDLDNS  4GD KRS GBR ADDM RGUDC V/HSG SGD @HC NE OHBJIKD CTLO KM SGD EHD BHSHDR>@MC>SHLLDR 0K

3N SGD EHQRS S@RJ BNMRHRSR M TMOHBJIKHMF NTQ C@S@

import pickle

Gl PQFO DJUJFT@BOE@UJINFT QLM CS
DJUJFT@BOE@QUINFT  QJDLMF MPBE Gl
QSJOU DJUJFT@BOE@UJINFT< >

< "NTUFSEBN 4V0 "ODIPSBHF 4BU
""OLBSB 4V0 "UIFOT 4V0 ""UMBOU
B 4V0 ""VDLMBOE 4V0 #BSDFMPOB
4V0 #FISVU 4V0 #FSMJO 4V0
#PTUPO 4V0 #SBTJIMJIB 4V0
#SVTTEMT 4V0 #VDIBSFTU 4V0
#VEBQFTU 4V0 $BJISP 4V0 $BMHBS
Z 4V0 $BQF 5PX0 4V0 $BTBCMBOD
B 4V0 $1JDBHP 4V0 $PMVNCVT 4V
0 $PQFOIBHFO 4V0 %BMMBT 4V0
%FOWFS 4V0 %FUSPJU 4V0
%VCBJ 4V0 %VCMJIO 4V0 &EN
POUPO 4V0 "SBOLGVSU 4V0 )BMJGB
Y 4V0 )FMTJOLJ 4V0 >

ATQMHMF NTQ C@S@ SN @ RSQTBSTODC @Q@X

UINFQUZQF  0Q EUZQF < DJUZ 6 EBZ 6 UJINF
< 1 Jou NJO  JoU > >

UINFT 0Q BSSBZ DJUJFT@BOE@UJINFT EUZQF UJNF@UZQF
QSJOU UJINFT< UJINF >

QSJOU UJINFT< DJUZ >

Y UINFT< >

Y< >
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>

< "NTUFSEBN  "ODIPSBHF  "OLBSB  "UIFOT  "UMBOUB "VDLMBOE #
BSDFMPOB

#FISVU  #FSMJO  #PTUPO  #SBTIMIB  #SVTTEMT  #VDIBSFTU  #VE
BQFTU

$BJSP  $BMHBSZ  $BQF 5PXO  $BTBCMBODB  $1JDBHP  $PMVNCVT

$PQFOIBHFO  %BMMBT  %FOWFS  %FUSPJU  %VCBJ  %VCMJO  &ENPOU
PO

"SBOLGVSU  )BMJGBY  )FMTJOLJ  )PVTUPO  *OEJBOBQPMJT  *TUBOC
VM

+FSVTBMFN ~ +PIBOOFTCVSH  ,BUINBOEV ~ ,VXBJU $JUZ  -BT 7FHBT

~JTCPO

~POEPO  -PT "OHFMFT  .BESJE  .FMCPVSOF  .JBNJ  .JOOFBQPMJT

_POUSFBM  .PTDPX /FX OSMFBOT /FX :PSL OTMP  OUUBXB  1BS
JT

11IMBEFMQIJB  1IPFOJY  1SBHVF  3FZLKBWJL  3JZBEI  3PNF

4BMU -BLF $JUZ  4BO "SBODJTDP  4BO 4BMWBEPS  4BOUJBHP  4FBUU
MF

A1BOHIBJ  4JOHBQPSF  4UPDLIPMN  4ZEOFZ  4bP 1BVMP  5PLZP

5PSPOUP

7BODPVWFS  7JFOOB  8BSTBX  8BTIJOHUPO %$  8JOOJQFH  ;VSJD

1 >

/T0TS =gBOLGVSU
M =
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NUMERICAL OPERATIONS ON

NUMPY ARRAYS

7D G@UD RDDM KNSR NE NODQ@SNQR HM NTQ OXSGNM STSNQH@K /E :-)
BNTQRD VD G@UD @KRN RDDM L.@MX B@RDR NE NODQ@SNQ
NUDQKN@CHMF D F ENQ SGD @CCHSHNM NE MT L.DQHB@K U@KTDR S 2

@MC SGD BNMB@SDM@SHNM NE RSQHMFR

1ZUIPO JT POF PG UIF CFTU PS
NBZCF UIF CFTU QSPHSBNNJOH MBOHVBHF

7D VHKK KD@QM HM SGHR HMSQNCTBSHNM SG@S SGD NODQ@SNQ RHFMR
@QD NUDQKN@CDC HM - TL.OX @R VDKK RN SG@S SGDX B@M AD TRDC SI
M@ M@ESTQEK V@EX

7D BOM ENQ DW@L-OKD @CC @ RBEK@Q SN @M MC@QQ@XR #D SGD
RB@K@Q VHKK AD @CCDC SN DUDQX BNL_ONMDMS 4GD R@L.D HR

BRI N
LS

ONRRHAKD ENQ RTASQ@BSHNM  CHUHRHNM ~ L TKSHOKHB@SHNM @MC DUDM ENQ @OOKXHMF ETMBSHNMR KHJID RHMD BNRHVD @MC RN NM

SN @M BQQ0X
)S HR @KRN DWSQDL-DKX D@RX SN TRD @K SGDRD NODQ@SNQR NM SVN @QQ@XR @R V/DKK

USING SCALARS
, DS R RS@QS VHSG @CCHMF RBEK@QR SN @QQ@XR

import numpy as np

MTU < >
W 0Q BSSBZ MTU
w oW
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QSJOU W

< >

— TKSHOKHB@SHNM  3TASQ@BSHNM  SSHUHRHNM @MC DWONMDMSH@SHNM @QD @R DERX @R SGD OQDUHNTR @CCHSHNM

QSJOU w
< >
QSJOU W
< >
QSJOU w
QSJOU w
< F F F
F
F F F
F >
< F F F
F
F F F
F >

7D RS@QSDC SGHR DW@L_OKD VHSG @ KHRS KRS V/GHBG VD STQMDC HMSN SGD @Q0@X U $N XNT IMNV GNV SN ODQENQL SGD
@ANUD NODQ@SHNMR NM @ KHRS HD L.TKHOKX @CC RTASQ@BS @MC DWONMDMSH@SD DUDQX DKDL-DMS NE SGD KHRS VHSG @ RB@K@Q
7D BNTKC TRD @ ENQ KNNO ENQ SGHR OTQONRD , DS TR CN HS ENQ SGD @CCHSHNM VHSGNTS KNRR NE FDMDQ@KHSX 7D VHKK @CC
SGD UGKTD SN DUDQX DKDL-DMS NE SGD KHRS

MTU < >
SFT <>
for WBM in MTU

SFT BQQFOE WBM

QSJOU SFT

< >

%UDM SGNTFG SGHR RNKTSHNM VNQJR HS HR MNS SGD OXSGNMHB V@X SN CN HS "7D VHKK Q@SGDQ TRD @ KHRS BNLOQDGDMRHNM ENQ
SGHR OTQONRD SG@M SGD BKTL.RX RNKTSHNM @ANUD )E XNT @QD MNS EQLH@Q VHG SGHR @OOQN@BG XNT L.@X BNMRTKS NTQ
BGEHOSD) NM KHRS BN L_OQDGDMRHNM HM NTQ OXSGNM BNTQRD

SFT < WBM for WBM in MTU>
QSJOU SFT
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%UDM SGNTFG VD G@C @KQD@CX L.DERTQDC SGD SHL.D BNMRTL.DC AX . TL.OX BNL.O@QDC SN OK@MD OXSGNM VD VHK
BNL.O@QD SGDRD SVVN @OOQN@BGDR (@R V/DKK

W  0Q SBOEPN SBOEJOU
timeit W
MPPQT CFTU PG hT QFS MPPQ
MTU MITU W

timeit < WBM GPS WBM JO MTU>
MPPQT CFTU PG hT QFS MPPQ

ARITHMETIC OPERATIONS WITH TWO ARRAYS

)E VD TRD @MNSGDQ @00@X HMRSD@C NE @ RB@K@Q SGD DKDL.DMSR NE ANSG @QQ@XR V/HKK AD BNL.ONMDMS VHRD BNL_AHMDC

import numpy as np

0Q BSSBZ < < > < > < > >

# 0Q POFT

QSJOU "™EEJOH UP BSSBZT

QSJou " #
QSJOU \n.VMUJQMZJOH UXP BSSBZT
QSJou #

"EEJOH UP BSSBZT

<< >

< >

< >>

-VMUJQMZJIOH UXP BSSBZT

<< >
< >
< >>
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T *" HVM SGD OQDUHNTR DW@L-OKD RGNTKCM S AD L.HRS@IDM ENQ L-@SQHW L_TKSHOKHB@SHNM 4GD DKDL-DMSR @QD RNKDKX
BNL_ONMDMS VHRD L-TKSHOKHDC

MATRIX MULTIPLICATION:

&NQ SGHR OTQONRD VD B@M TRD SGD CNS OQNCTBS SRHMF SGD OQDUANTR @QQ@XR VD B@M B@KBTK@SD SGD L@SQHW
L TKSHOKHB@SHNM

0Q EPU " #

/T0TS BggBZ << >
< >
< >>

4GD CNS OQNCTBS HR CDEHVDC KHJD SGHR
CNS @ A NTS _NMD

&NQ b @QQ@XR SGD CNS OQNCTBS HR DPTHUGKDMS SN L@SQHW L TKSHOKHB@SHNM &NQ S @QQ@XR HS HR SGD R@L.D @R SGD HMMDQ
OQNCTBS NE UDBSNQR VHSGNTS BNL.OKDW BNMITF@SHNM ~ &NQ - CHL-DMRHNMR HS HR @ RTL. OQNCTBS NUDQ SGD K@RS @WHR NE @
@MC SGD RDBNMC SN K@RS NE A

Parameter Meaning
0 008X NQ Q08X KHID @QFT L.DMS
A ©Q0@X NQ @Q0@X KHID @QF T L.DMS

NTS HR @M NOSHNM@K 0@Q@LDSDQ VGHBG L.TRS GAUD SGD DW@BS JHMC NE VVG@S VVNTKC AD QDSTQMDC HE HS V@R MNS TRDC 4GHR KR @
NTS ODQENQL-@MBD ED@STQD 4GDQDENQD HE SGDRD BNMCHSHNMR @QD MNS L.DS @M DWBDOSHNM HR Q@HRDC HMRSD@C NE @SSDLOSHMF SN AD
EKDWHAKD

AGD ETMBSINM CNS QDSTQMR SGD CNS OQNCTBS NE @ @MC A )E @ @MC A @0D ANSG RBAKBOR NQ ANSG 5 @QQ@XR SGDM @
RB@K@Q HR QDSTQMDC NSGDQVHRD @M @Q0@X VK QDSTQMDC

)S VHKK Q@HRD @ 6GKTD%QQNQ HE SGD RGEOD NE SGD K@RS CHL-DMRHNM NE @ HR MNS SGD R@L-D RHYD @R SGD RG@OD NE SGD

-5-%2)#1, /0%214)/ .3 /. -5—-09 122193



RDBNMC SN K@RS CHL.DMRHNM NE A HD @RG@OD; =  ARG@OD; =

7D VHK ADFHM VHSG SGD B@RDR HM \VVGHBG ANSG @QFTLDMSR @QD RB@K@QR NQ NMD CHL-DMRHNM@K @QQ@X

QSJOU 0Q EPU
Y 0Q BSSBZ < >
Z 0Q BSSBZ < >
QSJOU Y OEJN
QSJOU 0Q EPU Y Z

Y 0Q BSSBZ < >
Z 0Q BSSBZ < >
QSJOU 0Q EPU Y Z

,DSR FN SN SGD SVN CHL-DMRHNM@K TRD B@RD

" 0Q BSSBZ < < >
< > >

# 0Q BSSBZ < < >
< >
< > >

# es muss gelten:
QSJOU " TIBQF< > # TIBQF< > ' TIBQF< >
QSJOU 0Q EPU "™ #

5SVF
<< >
< >>

7D B@OM KD@QM EQNL- SGD OQDUHNTR DW@L-OKD SG@S SGD MTLADQ NE BNKTLMR NE SGD EHQRS SN CHL_DMRHNM @QQ@X GEUD SN
AD SGD R@L.D @R SGD MTL_ADQ NE SGD KHMDR NE SGD RDBNMC S\VVN CHL-DMRHNM@K @QQ@X
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)SR FDSSHVIF QD@KKX UDWHMF HE VD TRD  CHL-DMRHNM@K @QQ@XR @R SGD @QFTL-DMSR NE CNS

7D VHK TRD SVN RXLL.DSQHB@K SGQDD CHL-DMRHNM@K @QQ@XR HM SGD EHQRS DW@L_OKD

import numpy as np

9 0Q BSSBZ <<< >
< >
< >>
<< >
< >
< >>
<< >
< >
< >>>
: 0Q BSSBZ <<< >
< >
< >>
<< >
< >
< >>
<< >
< >
< >>>
3 O0Q EPU 9 :

QSJOU 5IF TIBQFT
QSJOU 9 TIBQF
QSJOU : TIBQF
QSJOU 3 TIBQF

QSJOU \n5IF 3FTVMU 3
QSJOU 3
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SIF TIBQFT

S5IF 3FTVMU 3

< >
< >
< >>
<< >
< >
< >>
<< >
< >
< >>>
< >
< >
< >>
<< >
< >
< >>
<< >
< >
< >>>
< >
< >
< >>
<< >
< >
< >>
<< >
< >
< >>>>

4N CDLNMRSQ@SD GNV SGD CNS OQNCTBS HM SGD SGQDD CHL-DMRHNM@K B@RD VNQJR VD VHKK TRD CHEEDQDMS @QQ@XR VHSG
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MNM RXL-LDSQHB@K RG@ODR HM SGD ENKKNVHMF DW@L_OKD

import numpy as np
9 0Q BSSBz
<<< >

< >>

<< >
< >>

<< >
< >>

<< >
< >>>

0Q BSSBZ
<< >

< >>>

3 0Q EPU 9

QSJOU 9 TIBQF 9 TIBQF 9 OEJN
QSJOU : TIBQF - TIBQF - OEJN
QSJOU 3 TIBQF 3 TIBQF 3 OEJN

QSJOU \n5IF SFTVMU BSSBZ 3 \n
QSJOU 3

9 OEJN
: OEJN
3 OEJN
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9 TIBQF 9 OEJN
- TIBQF - OEJN
3 TIBQF 3 OEJN

SIF SFTVMU BSSBZ 3

< >
< >>
<< >
< >>>
<< >
< >>
<< >
< >>>
<< >
< >>
<< >
< >>>
<< >
< >>
<< >
< >>>>

,DSR GAUD @ KNNJ @S SGD ENKKNVHMF RTL. OQNCTBSR

J
for K in SBOHF 9 TIBQF< >
for L in SBOHF : TIBQF< >
for N in SBOHF : TIBQF< >
GNU TN 9<{} {} > <{} {}> {}
BSHVNFOUT J K L N TVN9<J K > -<L N>
QSJOU GNU GPSNBU BSHVNFOUT
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TVN 9< > i< >
TVN 9< > i< >
TVN 9< > i< >
TVN 9< > i< >
TVN 9< > < >
TVN 9< > i< >
TVN 9< > i< >
TVN 9< > i< >
TVN 9< > i< >
TVN 9< > i< >
TVN 9< > i< >
TVN 9< > i< >
TVN 9< > i< >
TVN 9< > i< >
TVN 9< > i< >
TVN 9< > i< >
TVN 9< > i< >
TVN 9< > i< >
TVN 9< > i< >
TVN 9< > i< >

(NODETKKX XNT G@UD MNSHBDC SG@S D G@UD BQD@SDC SGD DKDL-DMSR NE 2; = NMD NESDQ SGD NSGDQ

QSJOU 3< >
<< >
< >>
<< >
< >>>

AGHR L.D@MR 5G@S VD BNTKC G@UD BQD@SDC SGD @Q0@X 2 AX @OOKXHMF SGD RTL. OQNCTBSR HM SGD V@X @ANUD 4N  OQNUD
SGHR VD VHKK BQD@SD @M @QQ@X 2 AX TRHMF SGD RTL. OQNCTBS \VGHBG HR DPT@K SN 2 HM SGD ENKKNVHMF DW@LOKD

3 0Q [FSPT 3 TIBQF EUZQF 0Q JoU

for J in SBOHF 9 TIBQF< >
for K in SBOHF 9 TIBQF< >
for L in SBOHF : TIBQF< >
for N in SBOHF : TIBQF< >
3<J K L N> TVNO9<J K > i<L N>

QSJOU 0Q BSSBZ@FRVBM 3 3
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SSVF

MATRICES VS. TWO-DIMENSIONAL ARRAYS

3NLD L@X G@UD S@JIDM SVN CHL-DMRHNM@K @QQ@XR NE - TL.OX @R L-@SQHBDR A4GHR HR OQHVIBHOH@KKX @KK QHFGS ADB@TRD
SGDX ADG@UD HM LNRS @RODBSR KHJD NTQ L-@SGDL@HB@K HCD@ NE @ L-@SQHW 7D DUDM R@V SG@S VD B@M ODQENQL- L @SQHW
L_TKSHOKHB@SHNM NM SGDL. 9DS SGDQD HR @ RTASKD CHEEDQDMBD 4GDQD @QD QD@ L-@SQHBDR HM - TL.OX 4GDX @QD @ RTARDS
NE SGD SVN CHL-DMRHNM@K @QQ@XR 7D B@M STQM @ SVN CHL.DMRHNM@K @QQ@X HMSN @ L@SQHW AX @OOKXHMF SGD  L_@S
ETMBSHNM 4GD L.@HM CHEEDQDMBD RGNVR HE XNT LTKSHOKX SVN SVN CHL-DMRHNM@K @QQ@XR NQ SN L.@QHBDR 7D FDS QD@K
L @SQHW L_TKSHOKHB@SHNM AX L_TKSHOKXHMF SVN L.@SQHBDR ATS SGD SN CHL-DMRHNM@K @QQ@XR VHKK AD NMKX L-TKSHOKHDC

BNL_ONMDMS VHRD

import numpy as np

" 0Q BSSBZ < < >
# 0Q BSSBZ < < >
3 " #
QSJou 3
<< >
< >
< >>
. 0Q NBU ™
#  0Q NBU #
3 " L
QSJoU 3
<< >
< >
< >>

COMPARISON OPERATORS

>

7D @QD TRDC SN BNL_O@QHRNM NODQ@SNQR EQNL- OXSGNM VGDM VD @OOKX SGDL- SN HMSDFDQR EKN@SR NQ RSQHMFR ENQ
DW@L-OKD 7D TRD SGDL SN SDRS ENQ 4QTD NQ &@KRD )E VD BNL.O@QD SN @QQ@XR VD CNMS FDS @ RHL-OKD 4QTD NQ &@KRD
@R @ QDSTQM U@KTD 4GD BNL-O@QHRNMR @QD ODQENQL-DC DKDL.DMSRVHRD 4GHR L.D@MR SG@ VD FDS @ "*NNKD@M @QQ@X @R @
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ODSTOM UGKTD

Iimport numpy as np

' 0Q BSSBZ < < > < > < > >
# 0Q BSSBZ < < > < > < > >
' #

/T0TS BgsBZ << 5SVE  "BMTF  5SVF>
<"BMTF  5SVF "BMTF>
< 5SVF  5SVF "BMTF>> EUZQF CPPM

)S iR ONRRHAKD SN BNL-O@QD BNL-OKDSD @QQ@XR ENQ DPT@KHSX @R VDKK 7D TRD @QQ@X>DPT@K ENQ SGHR OTQONRD
@QQ@X>DPT@K QDSTQMR 4QTD HE SVN @QQ@XR G@UD SGD R@L-D RG@OD @MC DKDL.DMSR NSGDQVHRD &@KRD V/H{K AD QDSTQMDC

QSJOU 0Q BSSBZ@FRVBM ™ #
QSJOU O0Q BSSBZ@FRVBM ™ ™

"BMTF
SSVF

LOGICAL OPERATORS

7D B@M @KRN @OOKX SGD KNFHB@K NQ @MC SGD KNFHB@K @MC SN @QQ@XR DKDL.DMSVHRD 7D B@M TRD SGD ETMBSHNMR
KNFHB@K>NQ @MC KNFHB@K>@MC SN SGHR OTQONRD

B 0Q BSSBZ < <True True> <False False>>
C 0Q BSSBZ < <True False> <True False>>

QSJOU 0Q MPHJIDBM@PS B C
QSJOU 0Q MPHJDBM@BOE B C

<< 5SVF 5SVF>
< 5SVF "BMTF>>
<< 5SVF "BMTF>
<*"BMTF "BMTF>>
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APPLYING OPERATORS ON ARRAYS WITH DIFFERENT SHAPES

3N E@Q VD G@UD BNUDQDC SVN CHEEDQDMS B@RDR VHSG A@RHB NODQ@SNQR KHID NQ

a @M NODO@SNQ GOOKKDC SN @M @008X @MC @ RBEKAQ
a @M NODO@SNQ GOOKKDC SN SV/N @QQ@XR NE SGD R@L.D RGEOD

7D VHKK RDD HM SGD ENKKNVHMF SG@S VD B@M @KRN @OOKX NODQ@SNQR NM @QQ@XR HE SGDX G@UD CHEEDQDMS RG@ODR 9DS HS
VNQJR NMKX TMCDQ BDQS@HM BNMCHSHNMR

BROADCASTING

- TLLOX OQNUHCDR @ ONV/DQETK L.DBG@MHRL. B@KKDC **ONGCBERSHMF \/GHBG @KKNV/R SN ODQENQL. @QHSGL.DSHB NODQ@SHNMR
NM @QQ@XR NE CHEEDODMS RGBODR 4GHR L.D@MR $G@S \/D GAUD @ RL@KKD) @QQ@X @MC @ KGQFDO BQ8X @MC \/D SOBMRENQL. NQ
00KX SGD RL.@KKDQ @008X L TKHOKD SHLLDR SN ODQENQL. RNLD NODQ@SHNM NM SGD KBQFDQ @008X )M NSGDQ VNQCR SMCD(
BDQS@HM BNMCHSINMR SGD RL.@KKDQ @008X FR  AQNGCBBRSDC HM @ \V/@X SG@S HS GAR SGD RAL.D RGAOD @R SGD KAQFD) GQQ8X

715G SGD @HC NE AQN@CB@RSHMF VD B@M @UNHC KNNOR HM NTQ OXSGNM OQNFQ@L. 4GD KNNOHMF NBBTQR HLOKHBHSKX HM SGD
- TLOX HL.OKDL.DMS@SHNMR HD HM # 7D @KRN @UNHC BQD@SHMF TMMDBDRR@)X BNOHDR NE NTQ C@S@

7D CDLNMRSQ@SD SGD NODQ@SHMF OQHMBHOKD NE AQN@CB@RSHMF HM SGQDD RHL.OKD @MC CDRBQHOSHUD DW@L-OKDR

import numpy as np

' OQ BSSBZ < < > < > < > >
# 0Q BSSBZ < >

QSJOU  .VMUJQMJIDBUJPO XJUI CSPBEDBTUJOH

QSJou " #

QSJOU BOE OPX BEEJUJPO XJUI CSPBEDBTUJOH

QSJOU " #
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-VMUJQMJIDBUJPO XJUul CSPBEDBTUJOH

<< >
< >
< >>

BOE OPX BEEJUJPO XJul CSPBEDBTUJOH
<< >
< >
< >>

4GD ENKKNVHMF CHAFQ@ L HKKTRSQ@SDR SGD V@X NE VNQJHMF NE AQN@CB@RSHMF

** iR SQD@SDC @R HE H5 \VDQD BNMRSQTDC KHID SGHR

# 0Q BSSBZ << > >
QSJOU #

<< >

&NQ SGHR DW@L-OKD VD MDDC SN IMNV GNV SN STQM @ QN UDBSNQ HMSN @ BNKT LM UDBSNQ

# 0Q BSSBZ < >
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H#H< 0Q OFXBYJT>

/T0TS BgsB7 << >
< >
< >>

-NV VD (@QD BEO@AKD NE CNHVMF SGD LTKSHOKHOKHB@SHNM TRHMF AQN@CB@RSHMF

" #<  0Q OFXBYJT>

/T0TS BgsBz << >
< >
< >>

** iR SQD@SDC @R HE H5 \VDQD BNMRSQTDC KHID SGHR

0Q BSSBZ << > > USBOTQPTF
/TOTS BSSBZ << >
< >
< >>

“  0Q BSSBZ < >
# 0Q BSSBZ < >
“<  0Q OFXBYJT>
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/T0TS BgSB7 << >
< >
< >>

"< 0Q OFXBYJT> #

/T0TS BgsB7 << >
< >
< >>

ANOTHER WAY TODO IT

PBNHVF HS VHSGNTS AQN@CBARSIMF

import numpy as np
" 0Q BSSBZ < < > < > <
# 0Q BSSBZ < >

#  #<0Q OFXBYJT >
# 0Q DPODBUFOBUF # # #

QSJou  .VMUJQMIDBUJPO

QSJoU "  #
QSJOoU BOE OPX BEEJUJPO BHBJO
QSJou "  #

>
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-VMUJIQMJIDBUJPO

<< >

< >

< >>

BOE OPX BEEJUJPO BHBJO

<< >

< >

< >>
5RAMF SHKD

Import numpy as np

' 0Q BSSBZ < < > < > < > >
it 0Q UJMF 0Q BSSBZ < >
QSJOU #
QSJou  .vMUJQMJIDBUJPO
QSJoU " #
QSJOoU BOE OPX BEEJUJPO BHBJO
QsSJou " #
<< >

< >

< >>

-VMUJQMJDBUJPO
<< >

< >

< >>

BOE OPX BEEJUJPO BHBJO

<< >

< >

< >>

DISTANCE MATRIX

JM L@SGDL-@HBR BNL-OTSDQ RBHDMBD @MC DRODBHE@KKX FQ@OG SGDNQX @ CHRS@MBD L-@SQHW HR @ L_@SQHW NQ @ SVN
CHL_DMRANM@K @QQ@X \GHBG BNMS@HMR SGD CHRS@MBDR ADS\V/DDM SGD DKDL.DMSR NE @ RDS O@HQVHRD S@IDM 4GD RHYD NE SGHR
SVN CHL-DMRHNM@K @QQ@X HM M W M HE SGD RDS BNMRHRSR NE M DKDL_DMSR
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T 0Q@BSHB@K DW@L-OKD NE @ CHRS@MBD L-@SQHW HR @ CHRS@MBD L_@SQHW ADS\VDDM FDNFQ@OGHB KNB@SHNMR HM NTQ DW@L-OKD
%TQOD@M BHSHDR

DJUJFT < #BSDFMPOB #FSMJO #SVTTEMT #VDIBSFTU
#VEBQFTU $PQFOIBHFO %VCMJIO )BNCVSH *TUBOCV
M
»JFW -POEPO -BESJE -JMBO -PTDPX -VOJDlI
1BSJT 1SBHVF 3PNF 4BJOU 1FUFSTCVSH
AUPDL IPMN 7JFOOB 8BSTBX >

EJTU CBSDFMPOB <

EJTUT  0Q BSSBZ EJTU CBSDFMPOB< >
QSJOU EJTUT
QSJOU 0Q BCT EJTUT EJTUT<  0Q OFXBYJT>

< >

N
N
VVVVVVVYVYVYVYV

ANNNNNNANNNNANNA

\
\%

3-DIMENSIONAL BROADCASTING

0Q BSSBZ < << > < > < >>
<< > < > < >>
<< > < > < >>>
# 0Q BSSBZ < << > < > < >> >
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# (1]

/T0TS BgSB7Z <<< >
< >
< >>
<< >
< >
< >>
<< >
< >
< >>>

7D VHK TRD SGD ENKKNVHMF SQ@MRENQL_@SHNMR HM NTQ BGAOSDO NM ) L_@FDR — EMHOTKASHNM @MC OQNBDRRAME

# 0Q BSSBZ < >

#  #<0Q OFXBYJT >
QSJOU # TIBQF

# OQ DPODBUFOBUF # # #  USBOTQPTF
QSJOU # TIBQF

# #< 0Q OFXBYJT>

QSJOU # TIBQF

QSJOU #

QSJou " #
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https://www.python-course.eu/python_image_processing.php

<< >>

<< >>

<< >>>

<< >
< >
< >>
<< >
< >
< >>
<< >
< >
< >>>
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NUMPY ARRAYS: CONCATENATING,
FLATTENING AND ADDING

DIMENSIONS

3N EGQ /D GOUD KD@QMDC HM NTQ STSNQH@K GNV/ SN BQD@SD
BQ0BXR @MC GNV/ SN @OOKX MTLDOHB@K NODQ@SHNMR NM
MTL.OX B008XR )E VD OQNFQAL. VG MTL.OX VD V/HK
BNLD RNNMDQ NO KBSDQ SN SGD ONKMS \V/GDQD VD VA MDDC
ETMBSHNMR SN L.@MHOTK@SD SGD RGAOD NQ CHLDMRHNM NE
8Q0BXR 7D VK GKRN KDAQM GNV/ SN BNMB@SDMASD @QQEXR
&TOSGDLNQD VD V/HkK CDLLNMRSQ@SD SGD ONRRHAHKHSHDR SN
BCC CHLDMRHNMR SN DWHRSHME @Q08XR @MC GNV/ SN RS@BJ
L.TKSHOKD @00BXR 77D \/HK DMC SGHR BGAOSDQ AX RGNVHMF
@M DARX V/@X SN BNVRSQTBS MDV @QQ0BXR AX QDOD@SHMF
DWHRSHMF @Q0@XR

4GD OHBSTQD RGNVR (@ SDRRDQ@BS ¥ SDRRDQ@BS R @

GXODQBTAD HM 4GD SDRRDQ@BS R SN SGD BTAD @R SGD
BTAD HR SN SGD RPT@QD SGD RTQE@BD NE SGD BTAD BNMRHRSR
NE RHW RPT@QD RHCDR \V/GDQD@R SGD GXODQRTQE@BD NE SGD
SDRRDQ@BS BNMRHRSR NE DHFGS BTAHB@K BDKKR

FLATTEN AND RESHAPE ARRAYS

4GDQD @QD SVN LDSGNCR SN EX@SSDM @ L-TKSHCHLDMRHNM@K @QQ@X

a EKGSSOM
a (QOUDK

EK@SSDM #R @ MC@QQX LLDSGNC \/HSG @M NOSINM@K JDXVNQC 0GQALDSD) NQCDQ  NQCDQ B@M GGUD SGD UGKTDR # & @NC
T 4GDCDEATKS NENQCDQHR #  # L.D@MR SN EXGSSDM # RSXKD KM QNV/ L.@INQ NQCDQHMF # D SGD Q4FGSLNRS HMCDW
BGOMFDR SGD EGRSDRS NQ HM NSGDQ VNQCR )M QNV/ LL@INQ NOCDQ SGD QNV/ HMCDW UGQHDR SGD RKNV/DRS @MC SGD BNKTLM

HMCDW SGD PTHBJDRS RN $G@S @; = ENKKNVR; =
& RSBMCR ENQ &NQSQ@M BNKTLM L.@INQ NQCDQSMF ¥ L.D@MR OQDRDQUD SGD SGD # &NQS)@M NQCDOHMF

import numpy as np
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“  0Q BSSBZ <<< >

< >
< >
< >>
<< >
< >
< >
< >>
<< >
< >
< >
< >>>

"MBUUFOFEQ@9 " GMBUUFO
QSJOU *MBUUFOFE@9

QSJOU " GMBUUFO PSEFS $
QSJOU " GMBUUFO PSEFS
QSJOU ' GMBUUFO PSEFS ™

<

>
<

>
<

>
<

>

AGD NQCDQ NE SGD DKDLLDMSR HM SGD @Q0@X QDSTOMDC AX QBUDK  HR MNQLLGKKX ## RSXKD
SBWFM B PSEFS $

QBUDK QDSTQMR @ EX@SSDMDC NMD CHL.DMRANMEK 608X ¥ BNOX HR L.@CD NMKX HE MDDCDC
AGD NOSINM@K JDXVNQC 08QLDSD) NQCD) BOMAD # & ¥ N +

# # KHID NQCDQ VHSG SGD K@RS @WHR HMCDW BG@MFHMF EGRSDRS A@BJ SN SGD EHQRS @WHR HMCDW BG@MFHMF RKNVDRS  # R
SGD CDE@THKS

& &NQSQ@M KHID HMCDW NQCDQ VHSG SGD EHQRS HMCDW BG@MFHMF E@RSDRS @MC SGD K@RS HMCDW BG@MFHMF RKNV/DRS

T &NOSOBM KRID HMICDW NQCDQ HE SGD Q08X @ HR &NQSOBM contiguous HM LLDLNQX # K#JD NQCDQ NSGDQVHRD
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+ (DAC SGD DKDLDMSR #M SGD NQCDQ SGDX NBBTQ #M LLDLNQX DWBDOS ENQ QDUDQREMF SGD C@5@ \/GDM RSQHCDR @QD
MDF@SHUD

QSJOU " SBWFM

QSJOU ' SBWFM PSEFS ™
QSJOU " SBWFM PSEFS *
QSJOU ' SBWFM PSEFS ™
QSJOouU " SBWFM PSEFS
<

>
<

>
<

>
<

>
<

>

4GD LDSGNC QDRG@OD  FHUDR @ MDV RG@OD SN @M @QQ@X VHSGNTS BGAMFHMF HSR C@S@ H D HS QDSTQMR @ MDV @QQ@X VHSG @
MDV RG@OD

SFTIBQF B OFXTIBQF PSEFS $

Parameter Meaning

@ @QQBX>KJID ¥Q0@X SN AD QDRGAODC
MDVRGEOD HMS NQ STOKD NE HMSR

NQCDQ  # & T KHJD HM EK@SSDM NQ QBUDK

9 0Q BSSBZ SBOHF
: 9 SFTIBQF
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/T0TS ggsB7Z <<< >

< >
< >
< >>
<< >
< >
< >
< >>
<< >
< >
< >
< >>>

CONCATENATING ARRAYS

)M SGD ENKKNV/HMF DW@LOKD \/D BNMB@SDM@SD SGQDD NMD CHLDMRHNM@X @QQ@XR SN NMD @QQ@X 4GD DKDL.DMSR NE SGD
RDBNMC @00@X @QD @OODMCDC SN SGD EHQRS @00@X ¥ ESDQ SGHR SGD DKDLLDMSR NE SGD SGHQC @Q0@X @)D @00DMCDC

Y 00Q BSSBZ < >
Z 0Q BSSBZ < >

[ 0Q BSSBZ < >

D 0Q DPODBUFOBUF Y Z [
QSJOU D

)E VD @QD BNMB@SDM@SIMF L TKSHCHL.DMRKNM@K @QQ@XR \/D BEM BNMBESDMASD SGD @QQ@XR @BBNQCHMF SN @WKR ¥ 0Q@XR LLTRS
G@UD SGD R@LD RGAOD SN AD BNMB@SDM@SDC \/HSG BNMBESDMASD )M SGD BARD NE L TKSHCHLDMRANMEK @008XR VD BaM
Q0BMFD SGDL @BBNQCHMF SN SGD @WHR 4GD CDE@TKS UGKTD HR GWHR

Y 0Q BSSBZ SBOHF
Y Y SFTIBQF

Z 0Q BSSBZ SBOHF

Z  Z SFTIBOF

[ 0Q DPODBUFOBUF Y Z
QSJOU [
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<< >

< >
< >
< >>
<< >
< >
< >
< >>
<< >
< >
< >
< >>
<< >
< >
< >
< >>
<< >
< >
< >
< >>
<< >
< >
< >
< >>>

7D CN SGD R@LD BNMB@SDM@SINM MNV VHSG @WHR

[ OQ DPODBUFOBUF Y Z BYJT
QSJOU [
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<< >
< >
< >
< >
< >
< >
< >
< >>
<< >
< >
< >
< >
< >
< >
< >
< >>
<< >
< >
< >
< >
< >
< >
< >
< >>>

ADDING NEW DIMENSIONS

- DV CHLDMRHNMR B@M AD @CCDC SN @M @QQ@X AX TRHMF RKHBHMF @MC MO MDV@WHR 7D HKKTRSQ@SD SGHR SDBGMHPTD VHSG @M
DW@L-OKD

Y 0Q BSSBZ < >
Z Y< 0Q OFXBYJT>
QSJOU Z
<< >
< >
< >
< >
< >>
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VECTOR STACKING

0Q BSSBZ < >
# 0Q BSSBZ < >

QSJOU 0Q SPX@TuBDL ' #

QSJOU 0Q DPMVNO@TUBDL ' #
0Q TIBQF ™

<< >
< >>
<< >
< >
< >>

/T30TS

. 0Q BSSBZ << >

< >
< >>
OQ DPMVNO@TUBDL ™ ™ '

/T0TS ggsp7 << >
< >
< >>

0Q DPMVNO@TUBDL "< > "< > "< >

/TS0TS BSSBZ << >
< >
< >>

0Q ETUBDL
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/TS0TS BSSBZ <<< >

< >

< >>
<< >

< >

< >>
<< >

< >

< >>>

REPEATING PATTERNS, THE "TILE"™ METHOD

3NLDSHLLDR XNT V@MS SN NQ G@UD SN BQD@SD @ MDV L@SQHW AX QDOD@SHMF @M DWHRSHMF L_@SQHW L_TKSHOKD SHL-DR SN BQD@SD
@ MDV L @QHW VHSG @ CHEEDQDMS RG@OD NQ DUDM CHL.DMRANM ONT L.@X G@UD ENQ DW@L-OKD @ NMD CHLDMRHNM@K @QQ@X
BSSBZ < > (@MC XNT V@MS SN STQM HS HMSN @M @QQ@X BSSBZ <
>

)M @MNSGDQ TRDBERD XNT L@X GEUD @ SVN CHL-DMRHNM@K @QQ@X kHJD OQ BSSBZ < < > < >>
VGHBG XNT HMSDMC SN TRD @R @ ATHKCHMF AKNBJ SN BNMRSQTD SGD @QQ@X VHSG SGD RG@OD

BSSBZ << >
< >
< >
< >
< >
< >>

AGD HCD@ NE BNMRSQTBSHNM HR CDOHBSDC HM SGD ENKKNVHMF CHEFQ@ L
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4 times

salun £

y

)E SGHR QDLHMCR XNT NE SHHMF @ A@SGOQNNL. NQ @ JHSBGDM XNT @QD NM SGD QHFGS 5Q@BJ 4GD ETMBSHNM VGHBG - TL.OX
OQNUHCDR ENQ SGHR S@RJ HR B@KKDC  SHKD

4GD ENQL-@K RXMS@W NE SHKD KNNJR KHID SGHR

UIMF ' SFQT
T M @QQ@X HR BNMRSQTBSDC AX QDOD@HMF ¥ SGD MTLADQ NE SHL.DR FHUDM AX QDOR

QDOR HR TRT@KKX @ STOKD NQ KHRS \/GHBG CDEHMDR SGD MTL_ADQ NE QDODSHSHNMR @NMF SGD BNQQDRONMCHMF @WHR
CHODBSHNMR  HE \/D RDS QDOR SN ENQ DWGL-OKD ¥ VHK AD QDOD@SDC ~ SHL.DRENQ SGD QNVR @MC  SHL-DR HM SGD
CHQDBSHNM NE SGD BNKTLLM@ 7D CDL.NMRSQ@SD SGHR HM SGD ENKKNVHMF DW@L_OKD

import numpy as np
Y 0Q BSSBZ < < > < >>

0Q UJMF Y
/TO0TS BgsBZ << >
< >
< >
< >
< >
< >>

import numpy as np
Y 0Q BSSBZ < >
Z  0Q UJMF Y

QSJOU Z
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)M SGD OQDUHNTR SHKD DW@L-OKD /D BNTKC G@UD VQHSDM 2 OQ UJMF Y @R \V/DKK
)E VD RSHBJ SN \/QHSHMF QDOR HM SGD STOKD NQ KHRS ENQL. NQ BNMRHCDQ SFQT @R @M @AAQDUH@SINM ENQ SFQT
SGD ENKKNVHMF HR SQTD

)E QDOR G@R KDMFSG M SGD CHL_DMRHNM NE SGD QDRTKSHMF @QQ@X VHKK AD SGD L.@WHL.TL. NE M @MC ¥ MCHL

JE ¥ MCKL M ¥ HR OQNLLNSDC SN AD M CHL.DMRHNM@ AX OQDODMCHMF MDV/ @WDR 3N @ RGEOD  @Q0@X HR OQNLNSDC
N ENQ <5 DOKHB@SHINM NQ RG@OD ENQ <5 QDOKHB@SHNM )E SGHR HR MNS SGD CDRHDC ADG@UKNQ OQNLNSD
T SN M CHLDMRANMR LL@MTG@KKX ADENQD B@KKAMF SGHR ETMBSHNM

JE T MCHL. C QDOR HR OQNLLNSDC SN ¥ MCHL. AX OQD ODMCHMF R SN S
AGTR ENQ @M @QQ@X ¥ NE RG@OD @ QDOR NE iR SQD@SDC @R

&T(SGD) DW@LOKDR

Import numpy as np
Y 0Q BSSBZ << > < >>
QSJOU 0Q UJMF Y

<< >
< >>

import numpy as np
Y 0Q BSSBZ << > < >>
QSJOU 0OQ UJIMF Y

<< >
< >
< >
< >>

Import numpy as np
Y 0Q BSSBZ << > < >>
QSJOU 0Q UJIMF Y

<< >
< >
< >
< >>
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PYTHON, RANDOM NUMBERS AND

PROBABILITY

INTRODUCTION

"Every American should have above average income, and my
Administration is going to see they get it."

AGHR REXHMF HR @SSQHATSDC SN *"HKK ##KHMSNM NM TL.OSDDM V/DARHSDR
SRTEKKX SGDQD HR MN BNMSDWS FHUDM RN HS HR MNS BKD@Q HE GD L_HFGS
G@UD LD@MSHS @R @ INJD "7 G@SDUDQ GHR HMSDMSHNMR LHFGS G@UD
ADDM VD PTNSDC GHL. SN RGNV @ QD@K KHED DW@L-OKD NE RS@SHRSHBR
3S@SHRSHBR @MC OQNA@AHKHSX BEKBTK@SHNM HR @KK GQNTMC TR HM QDEK KHED
RHST@SHNMR 7D G@UD SN BNOD VHSG HS VVGDMDUDQ VD G@UD SN L.@JD @
CDBHRHNM EQNL. U@QHNTR NOSHNMR #@M VD FN ENQ @ GHID HM SGD
@ESDQMNNM NQ V/HKK HS Q@HM  4GD VD@SGDQ ENQDB@RS SDKKR TR SG@S SGD
OQNAQAHKHSX NE OQDBHOHS@SHNM /KK AD 3N VGESMNV - 7HK VD
FN ENQ @ GHID

TVNSGDQ RHST@SHNM  %UDQX VDDJ XNT OK@X SGD KNSSDQX @MC CQD@L- NE @ EGQ @VE@X HRKGMC "7 G@S HR SGD KHIDKHGNNC NE
VHMMHMF SGD *@BJONS RN SG@S XNT VHK MDUDQ G@UD SN VNQJ @F@HM @MC KHUD HM  O@Q@CHRD - NV HL.@FHMD SG@S XNT
QHFGS NM SGHR HRK@MC NE XNTQ CQD@L.R —NRS OQNA@AKX MNS ADB@TRD XNT VNM SGD 1@BJONS ATS Q@SGDQ ADB@TRD XNT
ANNJDC XNTQ SHLD @R @M @KK HMBKTRHUD GNKHC@X O@BJGFD ONT @QD NM GNKHCEX NM @ O@Q@CHR@K HRKEMC E@Q EQNL. GNLD
3TCCDMKX XNT L-DDS XNTQ MDHFGANQ RONHKHMF HM @ IHEEX @Kk CQD@LR ¥ F@HMRS @kk NCCR

SMBDQS@HMSX HR @Kk @Q@NTMC TR XDS NMKX EDV ODNOKD TMCDQRS@MC SGD A@RHBR NE OQNA@AHKHSX SGDNQX

46D OQNFQ@L L_HMF KEMFT@FD OXSGNM @MC DUDM SGD MTL-DQHB@ LLNCTKDR . TL.OX @MC 3BHOX \VHK MNS GDKO TR HM
TMCDQRS@MCHMF SGD DUDQXC@X OQNAKDLR L_DMSHNMDC @ANUD ATS OXSGNM @MC - TL.OX OQNUHCD TR VHSG ONV/DQETK
ETMBSHNM@KHSHDR SN B@KBTK@SD OQNAKDL-R EQNL. RS@SHRSHBR @MC OQNA@AHKHSX SGDNQX

RANDOM NUMBERS WITH PYTHON

THE RANDOM AND THE "SECRETS" MODULES

4GDQD HR @M DWOKHBHS V@QMHMF HM SGD CNBT L.DMS@SHNM NE SGD Q@MCNL. LLNCTKD

7 0QVHMF
- NSD $G@S SGD ORDTCN Q@MCNL. FDMDQ@SNR HM SGD Q@MCNL. LLNCTKD RGNTKC . /4 AD TRDC ENQ RDBTQHSX OTQONRDR SRD

094(/. 2V .$/— .5-""%231_.$02/'"1""),)49



RDBQDSR NM OXSGNM @MC NR TQ@MCNL.  NM OXSGNM  @MC D@QKHDQ

4GD CDE@TKS ORDTCN Q@MCNL MTL-ADQ FDMDQ@SNQ NE SGD Q@MCNL. LLNCTKD V@R CDRHFMDC VHSG SGD ENBTR NM
LNCDKKHMF @MC RHL-TK@SHNM MNS NM RDBTQHSX 3N XNT RGNTKCM S FDMDQ@SD RDMRHSHUD HMENQL-@SHNM RTBG @R O@RRVNQCR
RDBTQD SNJDMR RDRRHNM JDXR @MC RHL_HK@Q SGHMFR AX TRHMF Q@MCNL. 7 GDM VD R@X SG@S XNT RGNTKCM S TRD SGD
Q@MCNL LNCTKD VD L.D@M SGD A@RHB ETMBSHNM@KHSHDR Q@MCHMS ~ Q@MCNL. ~ BGNHRD ~ @MC SGD KHIDR 4GDQD HR NMD
DWBDOSHNM @R XNT \/HKK KD@QM Hv SGD MDWS O@Q@FQ@O0G 3XRSDL2@MCNL

46D 3XRSDL2@MCNL BK@RR NEEDQR @ RTHS@AKD V@X SN NUDQBNL.D SGHR RDBTQHSX OQNAKDL. 4GD L.DSGNCR NE SGHR BK@RR
TRD @M @KSDQM@SD Q@MCNL. MTL_ADQ FDMDQ@SNQ VGHBG TRDR SNNKR OQNUHCDC AX SGD NODQ@HVF RXRSDL. RTBG @R CDU
TQ@MCNL. NM SMHW NQ #QX0S " DM2@MCNL NM “ZHMCNVR

¥R SGDOD G@R ADDM FQD@S BNMBDOM SG@S OXSGNM CDUDKNODQR LLHFGS HM@CUDQSDMSKX L@JD RDGKNTR RDBTQHSX DOONGR
DUDM SGNTFG SGD \/@QMHMF HR HMBKTCDC #M SGD CNBTL.DMS@HSNM ~ OXSGNM ~ BNLLDR \/KSG @ MDV/ LLNCTKD RDBODSR
VHSG @ #302 . = #(QXOSNFQBOGHBEKKX 3SONMF ORDTCN 2@MCNL. - TLLAD) ™ DMDQ@SN

, DS R RS@QS VHSG BQD@SHMF Q@MCNL- EKN@S MTLADQR VHSG SGD Q@MCNL. ETMBSHNM NE SGD Q@MCNL. LNCTKD OKD@RD
QDLDLADQ SG@S HS RGNTKCM S AD TRDC SN FDMDQ@SD RDMRHSHUD HMENQL_@SHNM

import random
SBOEPN@OVNCFS  SBOEPN SBOEPN
QSJOU SBOEPN@OVNCFS

7D VHK RGNV @M @KSDQM@HUD @MC RDBTQD @OOQN@BG HM SGD ENKKNVHMF DW@L-OKD HM VGHBG VD VHKK TRD SGD BK@RR

3XRSDL2@MCNL- NE SGD Q@MCNL. LLNCTKD )S VK TRD @ CHEEDQDMS Q@MCNL. MTL_ADQ FDMDQ@SNQ )S TRDR RNTQBDR VGHBG

@QD OQNUHCDC AX SGD NODQ@SHMF RXRSDL. 4GHR VHK AD CDU TQ@MCNL. NM SMHW @MC #QX0S " DM2@MCNL NM VHMCNVR

46D Q@MCNL LLDSGNC NE SGD 3XRSDL.2@MCNL BK@RR FDMDQ@SDR @ EKN@S MTL_ADQ HM SGD Q@MFD EQNL HMBKTCDC SN
MNS HMBKTCDC

from random import 4ZTUFN3BOEPN
DSZQUP  4ZTUFN3BOEPN
QSJOU DSZQUP SBOEPN

2. THSD NESDM XNT VHKK MDDC LNQD SG@W NMD Q@MCNL MTLLADQ "7D B@M BQD@SD @ KHRS NE Q@MCNL. MTL_ADQR AX
(DOD@SDCKX B@KKHMF Q@MCN L

import random

def SBOEPN@MJTU O TFDVSF True
SBOEPN@GMPBUT <>
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1T TFDVSF
DSZQUP SBOEPN 4ZTUFN3BOEPN

SBOEPN@GMPBU DSZQUP SBOEPN

else
SBOEPN@GMPBU SBOEPN SBOEPN

for @ in SBOHF O
SBOEPN@GMPBUT BQQFOE SBOEPN@GMPBU
return SBOEPN@GMPBUT

QSJOU SBOEPN@MJITU TFDVSF False

<

4GD RHL.OKD Q@MCNL- ETMBSHNM NE SGD Q@MCNL. LLNCTKD HR @ KNS EGRSDQ @R VD B@M RDD HM SGD ENKKNVHMF

UINFJU
SBOEPN@MJTU
MPPQT CFTU PG hT QFS MPPQ
UINFJU
SBOEPN@MJTU TFDVSF False
MPPQT CFTU PG hT QFS MPPQ

DSZQUP SBOEPN 4ZTUFN3BOEPN
<DSZQUP SBOEPN for @ in SBOHF >

/TS0TS

TKSDQM@SHUDKX XNT B@M TRD @ KHRS BNL-OQDGDMRHNM SN BQD@SD @ KHRS NE Q@MCN L EKN@S MTL_ADQR

UJINFJIU
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<DSZQUP SBOEPN  for @ in SBOHF >
MPPQT CFTU PG hT QFS MPPQ

AGD E@RSDRS @MC LNRS DEEHBHDMS V@X VHK AD TRHMF SGD Q@MCNL. 0@BJ@FD NE SGD MTL.OX LLNCTKD

import numpy as np

0Q SBOEPN SBOEPN
/TOTS Bggp7 <

>
UJINFJU
0Q SBOEPN SBOEPN
51F TMPXFTU SVO UPPL UJNFT MPOHFS UIBO UIF GBTUFTU 51JT DPV
ME NFBO UIBU BO JOUFSNFEJBUF SFTVMU JT CFJOH DBDIFE
MPPQT CFTU PG hT QFS MPPQ
7 60MAF

46D Q@MCNL 0@BJ@FD NE SGD - TL.OX LLNCTKD @00@Q@MXX DUDM SGNTFG HS CNDRM § R@X RN M SGD CNBT L.DMS@SHNM
HR BNLOKDSDKX CDSDQL-HMHRSHB TRHMF @KRN SGD —DQRDMMD SVHRSDQ RDPTDMBD

)SR UDQX D@RX SN BQD@SD @ KHRS NE Q@MCNL. MTLLADQR R@SHREXHMF SGD BNMCHSHNM SG@S SGDX RTL. TO SN NMD 4GHR V@X VD
STQM SGDL- HMSN U@KTDR \/GHBG BNTKC AD TRDC @R OQNA@KHSHDR 7D B@M TRD @MX NE SGD L.DSGNCR DWOK@HMDC @ANUD SN
MNQL-@KHYD @ KHRS NE Q@MCNL- UGKTDR ¥ KK VD G@UD SN CN HR CHUHCD DUDQX U@KTD AX SGD RTL- NE SGD U@KTDR 4GD
D@RADRS V@X VHKK AD TRHMF MTL.OX @F@HM NE BNTQRD

import numpy as np

MITU@PG@SBOEPN@GMPBUT  0Q SBOEPN SBOEPN

TVN@PG@WBMVFT  MJITU@PG@SBOEPN@GMPBUT TVN

QSJOU TVN@PG@WBMVFT

OPSNBMJ[FE@WBMVFT  MJTU@PG@SBOEPN@GMPBUT  TVN@PG@WBMVFT
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QSJOU OPSNBMJ[FE@WBMVFT TVN

7D @RRTL.D SG@ XNT CNMS TRD @MC CNM S KJID VVD@J O@RRVNQCR KHID O@RRVNQC ~ PVDQSX @MC SGD
KHIDR " *DKHDUD HS NQ MNS SGDRD O@RRV/NQCR @QD @K\V@XR Q@MIHMF SN 3N XNT KNNJHMF ENQ @ RGED O@RRVNQC ONT
V@MS SN BQD@SD OBRRVNQCR VHSG OXSGNM  **TS CNM S TRD RNL.D NE SGD ETMBSHNMR Q@MJIHMF SNO  HM SGD RD@QBG
QDRTKSR ADB@TRD XNT L.@X TRD @ ETMBSHNMR TRHMF SGD Q@MCNL. ETMBSHNM NE SGD Q@MCNL. LLNCTKD

7D VHK CDEHMD @ RSQNMF Q@MCNL. O@RRVNQC FDMDQ@SNQ VGHBG TRDR SGD 3XRSDL.2@MCNL. BK@RR 4GHR BK@RR TRDR @R
VD G@UD @KQD@X L.DMSHNMDC @ BQXOSNFQ@OGHB@KKX RSQNMF ORDTCN Q@MCNL. MTLLADQ FDMDQ@SNQ

from random import 4ZTUFN3BOEPN
TS  4ZTUFN3BOEPN # create an instance of the SystemRandom class

def HFOFSBUF@QBTTXPSE MFOHUI

WBMJE@DIBST None
generate_password(length, check char) -> password
length: the length of the created password

check _char: a Boolean function used to check the validity
of a char

1T WBMJE@DIBST None

WBMJE@DIBST "HW&" () *+,-./0123456789: ;
WBMJE@DIBST WBMJE@DIBST MPXFS

QBTTXPSE
DPVOUFS
while DPVOUFS  MFOHUI
SOVN TS SBOEJOU
DIBS DIS SOVN
if DIBS in WBMJE@DIBST
QBTTXPSE DIS SOVN
DPVOUFS
return QBTTXPSE

QSJOU  "'VUPNBUJDBMMZ HFOFSBUFE QBTTXPSE CZ 1ZUIPO HFOFSBUF@QB
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TTXPSE
"VUPNBUJDBMMZ HFOFSBUFE QBTTXPSE CZ 1ZUIPO MM ;LJ HG6R . %

9%UDQXANCX HR EQLHK@Q \HSG BQD@SHMF Q@MCN L HMSDFDQ MTLLADQR VHSGNTS BNLL.OTSDQR )E XNT QNKK @ CHD XNT BQD@SD @
Q@MCNL. MTL_ADQ ADSVDDM ~ @MC )M SDQL-R NE OQNA@AHKHSX SGDNQX VD VNTKC B@KK SGD QNKKHMF NE SGD CHD @M
DWODQHL-DMS WHSG @ QDRTKS EQNL SGD RDS NE ONRRHAKD NTSBNL.DR Z \ )SHR @KRN B@KKDC SGD R@L-OKD RO@BD
NE SGD DWODQHL.DMS

(NV B@M VD RHL-TK@SD SGD QNKKHMF NE @ CHD HM OXSGNM 7D CNM S MDDC - TL.OX ENQ SGHR @HL.  OTQD OXSGNM @MC HSR
Q@MCNL LLNCTKD HR DMNTFG

import random

PVUDPNF  SBOEPN SBOEJOU
QSJOU PVUDPNF

,DSR QNKK NTQ UHQST@K CHD ~ SHL-DR

import random

< SBOEPN SBOEJOU for @ in SBOHF >
/TO0TS < S

7D B@M @BBNLOKHRG SGHR D@RHDQ VHSG SGD - TL.OX O@BJ@FD Q@MCNL

import numpy as np

PVUDPNF  0Q SBOEPN SBOEJOU TI[F
QSJOU PVUDPNF

< >

ONT L@X G@UD MNSHBDC SG@S VD TRDC  HMRSD@C NE @R SGD RDBNMC 0@Q@L-DSDQ Q@MCHWS EQNL. MTL.OX Q@MCNL. TRDR @
G@KE NODM  HMSDQU@K TMKHID Q@MCHMS EQNL- SGD OXSGNM Q@MCNL. LLNCTKD \V/GHBG TRDR @ BKNRDC HMSDQUEK
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4GD ENQL-@K CDEHMHSHNM
MTL.OX Q@MCNL Q@MCHMS KNV GHFG - NMD RHYD . NMD

AGHR ETMBSINM (DSTQMR 0BMCNL HMSDFDQR EQNL. KNV/ HMBKTRHUD SN GHFG DWBKTRHUD )M NSGDQ VNQCR Q@MCHMS
QDSTOMR Q@MCNL. HMSDFDQR EQNL. SGD CHRBODSD TMHENQL.  CHRSQHATSHNM HM SGD GGKE NODM  KMSDQUGK ; KNV GHFG  )E
GHFEG HR - NMD NQ MNS FHUDM KM SGD B@KK SGD QDRTKSR \/HKK QBMFD EQNL. ; KNV 4GD 0@0@L.DSDQ RHYD CDEHMDR SGD
RG@OD NE SGD NTSOTS )E RAYD HR - NMD @ RHMFKD HMS \/HK AD SGD NTSOTS /SGDQVHRD SGD QDRTKS VKK AD @M Q08X 4GD
0@Q@L.DSD) RHYD CDEKMDR SGD RG@OD NE SGHR 08X 3N REYD RGNTKC AD @ STOKD )E RAYD HR CDEHMDC @R @M HMSDFDQ M SGHR
HR BNMRHCDQDC SN AD SGD STOKD M

AGD ENKKNVHMF DW@L-OKDR VHKK BK@QHEX SGD ADG@UHNQ NE SGD 0@Q@L-DSDQR

Import numpy as np

QSJOU OQ SBOEPN SBOEJOU

QSJOU 0Q SBOEPN SBOEJOU TI[F
QSJOU 0OQ SBOEPN SBOEJOU TI[F
QSJOU 0OQ SBOEPN SBOEJOU TI[F # the same as the previ
ous one
QSJOU 0Q SBOEPN SBOEJOU TI[F
< >

< >

< >

<< >

< >

< >

< >

< >>

SHLTK@SHMF SGD QNKKHMF NE @ CHD HR TRT@KKX MNS @ RDBTQHSX QDKDU@MS HRRTD ATS HE XNT V@MS SN BQD@SD
BQXOSNFQ@OGHBEKKX RSQNMF ORDTCN Q@MCNL. MTL_ADQR XNT RGNTKC TRD SGD 3XRSDL-2@MCNL. BK@RR @F@HM

import random
DSZQUP  SBOEPN 4ZTUFN3BOEPN
< DSZQUP SBOEJOU for @ in SBOHF >

/TS S

7D G@UD KD@QMDC GNV SN RHL-TK@SD SGD QNKkHMF NE @ CHD WHSG OXSGNM 7D @RRTL.DC SG@S NTQ CHD HR E@HQ HD SGD
OQNA@AHKHSX ENQ D@BG E@BD HR DPT@K SN (NV B@M VD RHL.TK@SD SGQNVHMF @ BOQNNJIDC NQ KN@CDC CHD 4GD Q@MCHMS
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LDSGNCR NE ANSG LLNCTKDR @D MNS RTHS@AKD ENQ SGHR OTQONRD 7D VHKK \/QHSD RNLD ETMBSHNMR HM SGD ENKKN\/HMF SDWS
SN RNKUD SGHR OQNAKDL-

&HQRS VD V@S SN G@UD @ KNNJ @S NSGDQ TRDETK ETMBSHNMR NE SGD Q@MCNL. LLNCTKD

RANDOM CHOICES WITH PYTHON

CQUKMF @ BGNHBD NQ G@UHMF BGNHBDR HM QDK KHED HR ADSSDQ SG@M MNS GAUHMF @ BGNKBD %UDM SGNTFG RNL.D ODNOKD
LLHFGS BNL.OK@HM HE SGDX GAUD SNN LLTBG NE @ BGNHBD , HED LLD@VR L.@JHMF CDBHRHNMR 4GD(D @0D RHLOKD BGNHBDR
(ID SN ) VOMS @ ANHKDC DFF~ 3NESNQ (B0C ANHDC N ) FN SN SGD BHMDL.@ SGD@SDQ NQ LL.TRDTL. /SGDQ
BGNHBDR LL@X G@AUD ETQSGD) QD@BGHMF BNMRDPTDMBDR KHJD BGNNRAMF SGD QHFGS INA RSTCX NQ \V/G@S HR SGD ADRS
OQNFQ@L. LAMF KOMFT@FD SN KD@QM

,DSR CN H5 VHSG OXSGNM 4GD Q@MCNL. LLNCTKD BNMS@HMR SGD QHFGS ETMBSHNM ENQ SGHR OTQONRD 4GHR ETMBSHNM B@M AD
TRDC SN BGNNRD @ Q@MCNL- DKDL-DMS EQNL- @ MNM DL_OSX RDPTDMBD

AGHR LDAVR SG@S /D @QD BEOGAKD NE OHBJIKMF @ QBMCNL BG@Q@BSD) EONL @ RSQAMF NQ @ QBMCNL. DKDL.DMS EQNL @ KiRS NQ
@ STOKD @R \/D BEM RDD KM SGD ENKKNV/HMF DWOL.OKDR ONT \/@MS SN GAUD @ BHSX SHO \/KSGHM % TONOD @MC XNT BAM S
CDBHCD V/GDOD SN FN , DS OXSGNM GDKO XNT

from random import DIPJDF

QPTTJCMF@EFTUJOBUJPOT < #FSMJO )BNCVSH -VOJDI
"NTUFSEBN -POEPO 1BSJIT
;VSJDI )FJEFMCFSH 4USBTCPVSH
"VHTCVSH -JMBO 3PNF >

QSJOU DIPJIDF QPTTJICMF@EFTUJOBUJPOT
4AUSBTCPVSH

4GD BGNHBD ETMBSHNM NE SGD Q@MCNL. O@BJ@FD NE SGD MTL.OX LLNCTKD HR LLNQD BNMUDMHDMS ADB@TRD HS OQNUHCDR
ETQSGDQ ONRRHAHKHSHDR 4.GD CDE@TKS B@KK HD MN ETQSGDQ O@Q@LDSDQR @D TRDC ADG@UDR KHJID BGNHBD NE SGD Q@MCNL
LNCTKD

from numpy.random import DIPJDF

QSJOU DIPJIDF QPTTJICMF@EFTUJOBUJPOT
"VHTCVSH
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715G SGD GDKO NE SGD 0@Q@L-DSDQ RHYD VD B@M BQD@SD @ MTL.OX MC@QQ@X \VHSG BGNHBD U@KTDR

Y  DIPJDF QPTTJCMF@EFTUJOBUJPOT TJ[F
QSJOU Y
Y  DIPJDF QPTTJCMF@EFTUJOBUJPOT TJ[F
QSJOU Y

< -POEPO "VHTCVSH -POEPO >

<< 4USBTCPVSH -POEPO 3PNF  #FSMJO >
< #FSMJO 1BSJIT -V0OJDlI "WHTCVSH >
< )FJEFMCFSH 1BSJT  #FSMJO 3PNF >>

ONT LLHFGS GAUD MNSHBDC SG@S SGD BHSX M@LDR BAM G@UD L.TKSHOKD NBBTQUDMBDR 77D BEM OQDUDNS SGHR AX RDSSHMF SGD
NOSHNM@K 08Q@L.DSD) QDOKBBD SN &@KRD

QSJOU DIPJIDF QPTTJICMF@EFTUJOBUJPOT TJLF SFQMBDF False

<< )FJEFMCFSH -POEPO -.JMBO -voabi >
< )BNCVSH "VHTCVSH 1BSJT  3PNF >
< #FSMJO  4USBTCPVSH ;VSJIDI "NTUFSEBN >>

3DSSHMF SGD RHYD  O@Q@L-DSDQ SN @ MNM . NMD U@KTD KD@CR TR SN SGD R@L-OKD ETMBSHNM

RANDOM SAMPLES WITH PYTHON

1 R@L-OKD B@M AD TMCDQRSNNC @R @ QDOQDRDMS@SHUD O@QS EQNL- @ K@QFDQ FQNTO TRT@KKX B@KKDC @ ONOTK@SHNM

4GD LNCTKD MTL.OX Q@MCNL. BNMS@HVR @ ETMBSHNM Q@MCNL>R@L.OKD \VGHBG QDSTQMR Q@MCNL. EKN@SR HM SGD G@KE NODM
HMSDQUEK ; 4GD QDRTKSR @QD EQNL. SGD BNMSHMTNTR TMHENQL.  CHRSQHATSHNM NUDQ SGD RS@SDC HMSDQU@K 4GHR
ETMBSHNM S@JDR ITRS NMD O@Q@L-DSDQ RHYD \/GHBG CDEHMDR SGD NTSOTS RG@OD )E VD RDS RHYD SN DF VD VHKK
FDS @M @QQ@X \VHSG SGD RG@OD EHKDC VHSG Q@MCNL DKDL-DMSR

Import numpy as np

Y  0Q SBOEPN SBOEPN@TBNQMF
QSJOU Y

094(/ - 21 . $/— .5-""%231_.%$02/'"1"),)49



<< >

)E VD B@KK Q@MCNL>R@LOKD \HSG @M HMSDFDQ VD FDS @ NMD CHL.DMRHNM@K @QQ@X ¥ M HMSDFDQ G@R SGD R@LD DEEDBS @R HE
\/D TRD @ NMD STOKD @R @M @QFT L.DMS

Y 0Q SBOEPN SBOEPN@TBNQMF

QSJoU Y
Z 0Q SBOEPN SBOEPN@TBNQMF
QSJOU Z
<

>
<

>

ONT B@M @KRN FDMDO@SD @QQ@XR \/HSG UGKTDR EQNL @M @QAHSQBQX HMSDQUEK :@ A VGDQD @ GAR SN AD KDRR SG@M A )5 BAM
AD CNMD K#JD SGHR

C B SBOEPN@TBNQMF B

%W@LOKD

B

C

. C B 0Q SBOEPN SBOEPN@TBNQMF B
QSJou **

<< >
< >
< >>

4GD RSAMCEQC LNCTKD Q@MCNL. NE OXSGNM G@R @ LLNQD FDMDQ@K ETMBSHNM R@L.OKD \/GHBG OQNCTBDR R@L-OKDR EQNL @
ONOTK@SHNM 4GD ONOTK@SHNM B@M AD @ RDPTDMBD NQ @ RDS

46D RXMS@W NE R@L-OKD

TBNQMF QPQVMBUJPO L
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46D ETMBSHNM BQD@SDR @ KHRS \/GHBG BNMS@HMR J  DKDL-DMSR EQNL. SGD ONOTK@SHNM ~ 4GD QDRTKS KHRS BNMS@HMR MN
L TKSHOKD NBBTQQDMBDR HE SGD SGD ONOTK@SHNM BNMS@HMR MN LTKSHOKD NBBTQUDMBDR

)E XNT V@MS SN BGNNRD @ R@L-OKD VHSGHM @ Q@MFD NE HMSDFDQR XNT B@M  NQ ADSSDQ XNT RGNTKC ~ TRD Q@MFD @R SGD
@QFTLDMS ENQ SGD ONOTK@SHNM

M SGD ENKKNVHMF DW@L-OKD VD OQNCTBD RHW MTLADQR NTS NE SGD Q@MFD EQNL. SN HMBKTRHUD ~ 4GHR BNQQDRONMCR
SN @ CQ@VHMF NE SGD = DQL-@M KNSSDQX

import random

QSJOU SBOEPN TBNQMF SBOHF

< >

TRUE RANDOM NUMBERS

(@UD XNT DUDQ OK@XDC @ F@L.D NE CHBD @MC @RIDC XNTQRDKE HE RNL-DSGHMF HR VVQNMF VHSG SGD CHD ONT QNKKDC SGD
CHD ENQ RN LL@MX SHLLDR @MC XNT RSHKK G@UDM S FNS @ BDQS@HM U@KTD KHID  ENQ DW@L-OKD

ONT L.@X @KRN GAUD @RIDC XNTORDKE HE SGD Q@MCNL. LNCTKDR NE OXSGNM B@M BQD@SD QD@K NQ SOTD Q@MCNL
MTLLADQR \/GHBG @QD D F DPTHUGKDMS SN @M HCD@K CHD 4GD SOTSG KR SG@S LLNRS QBMCNL. MTL.ADQR TRDC HM BNLOTSD(
OQNFQ@LR @QD ORDTCN Q@MCNL. 4GD MTLADQR @0D FDMDQ@SDC HM @ OQDCHBS@AKD V@X ADB@TRD SGD GKFNQHSGL HR
CDSDQLAMHRSHB ORDTCN Q@MCNL. MTL_ADQR @QD FNNC DMNTFG ENQ L.@MX OTQONRDR ATS HS L.@X MNS AD SOTD Q@MCNL
ONKKHMF CHBD NQ KNSSDOX CQ@VHMFR

AGD V/DARKD 21 _ 5./ — /2™ BKGHLR SN NEEDQ STD Q@MCNL MTL.AD(R 4GDX TRD SGD 0BMCNLMDRR \/GHBG BNLDR
EQNL @SL_NROGDQHB MNHRD 4GD MTLLADQR BQD@SDC SGHR V/@X @0D ENQ L.@MX OTQONRDR ADSSD) SG@M SGD ORDTCN Q@MCNL
MTLLADQ @KFNOKSGLR SXOHB@KKX TRDC HM BNLOTSD) OQNFQ@LR
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WEIGHTED PROBABILITIES

INTRODUCTION

)M SGD OQDUKNTR BG@OSDQ NE NTQ STSNQH@K \/D HMSQNCTBDC SGD
Q@MCNL LLNCTKD 7D FNS SN JMNV SGD ETMBSINVR BGNHBD @MC
RELOKD 7D TRDC BGNHBD SN BGNNRD @ 0BMCNL. DKDLDMS EQNL
@ MNM DL.OSX RDPTDMBD @MC REL.OKD SN BGNNRDR J TMHPTD
Q@MCNL DKDLDMSR EQNL. @ ONOTK@SHNM RDPTDMBD NQ RDS 4GD
OQNAG@KHSX ENQ @KK DKDLDMSR HR DUDMKX CHRSGHATSDC HD D@BG
DKDL_DMS G@R NE SGD RDPTDMBDR NQ RDSR GAUD SGD RALD
OQNA@AHKSX SN AD BGNRDM 4GHR HR DWEBSKX V/G@S VD VNS HE VD
RRL_TK@SD SGD ONKKHMF NE CHBD "*TS \/G@S GANTS KNGCDC CHBD
,NGCDC CHBD @QD CDRHFMDC SN EQUNQ RNLD QDRTKSR NUDQ NSGDQR
ENQ \/G@SDUDQ QDGRNMR )M NTQ OQDUANTR BG@OSDQ VD GAC @ KNNJ
@5 SGD ENKKNV/HMF DW@LOKDR

from random import DIPJDF TBNQMF
QSJOU DIPJDF BCDEFGHIJK
QSPGFTTJPOT < TDJFOUJTU

QIFS FOHJOFFS QSJFTU >
QSJOU DIPJDF QSPGFTTJPOT

QIIMPTP

QSJOU DIPJIDF  CFHJOOFS JOUFSNFEJBUF
# rolling one die

Y  DIPJDF SBOHF
QSJOU 51F EJDF TIPXT TUS Y
# rolling two dice:

EJDF  TBNQMF SBOHF

QSJOU 5I1F UXP EJDF TIPX

D

QIIMPTPQIFS

BEWBODFE

S5IF EJDF TIPXT

5IF UXP EJDF TIPX < >

TUS EJDF

BEWBODFE

,1JID VD REHC ADENQD SGD BG@MBDR ENQ SGD DKDL-DMSR NE SGD RDPTDMBD SN AD BGNRDM @QD DUDMKX CHRSQHATSDC 3N SGD

BG@MBDR ENQ FDSSHMF @ RBHDMSHRS @R @ QDSTQM U@KTD NE SGD B@kk BGNHBD OQNEDRRHNMR HR

4GHR HR NTS NE SNTBG VHSG
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QD@KHSX 4GDQD @YD RTODKX LNQD RBHDMSHRSR @MC DMFAMDDOR HM SGD \/NGKC SG@M SGDQD @QD OQHDRSR @MC OGHNRNOGDQR *TRS
(HID \VHSG SGD KNECDC CHD /D GUD @F@HM SGD MDDC NE @ VDHFGSDC BGNHBD

7D VHK CDUHRD @ ETMBSHNM  \/DHFGSDC>BGNHBD ~ \V/GHBG QDSTQMR @ Q@MCN L DKDL_DMS EQNL- @ RDPTDMBD KHJD
Q@MCNL. BGNHBD ATS SGD DKDL-DMSR NE SGD RDPTDMBD V/HKK AD VVDHFGSDC

WEIGHTED RANDOM CHOICES

7D VHK CDEHMD MNV SGD VDHFGSDC BGNHBD ETMBSHNM , DSR @RRTL.D SG@S VD G@UD SGQDD VDHFGSR D F
7D B@M ATHKC SGD BTLTK@HUD RTL. NE SGD VDHFGSR VHSG MO BTLRTL VDHFGSR

import numpy as np

XFIHIUT < >
DVN@XFJIHIUT < > MITU OQ DVNTVN XFIHIUT

QSJOU DVN@XFJIHIUT

< >

)E VD BQD@D @ Q@MCNL MTLLADQ W ADSVDDM ~ @MC ~ AX TRHMF Q@MCNL Q@MCNL.  SGD OQNA@AHKHSX ENQ W SN KHD V/HSGHM
SGD HMSDQU@K ;  BTL->VDHFGSR; = HR DPT@K SN 4GD OQNA@AHKHSX ENQ W SN KHD \HSGHM SGD HMSDQU@K

;BTL>VDHFGSR; = BTL>VDHFGSR; = HRDPT@K SN  @MC EHM@KkX SGD OQNA@AHKHSX ENQ W SN KHD \/HSGHM SGD HMSDQUEK
;BTL>VDHFGSR; = BTL>VDHFGSR; = HR

-NV XNT @QD @AKD SN TMCDQRS@MC SGD A@RHB HCD@ NE GNV VDHFGSDC>BGNHBD NODQ@SDR

import numpy as np

import random
from random import SBOEPN

def XFIJHIUFE@DIPJDF PCKFDUT XFJHIUT
""" returns randomly an element from the sequence of “object

S
the likelihood of the objects i1s weilghted according

to the sequence of “"weights®, i.e. percentages.''"

XFIHIUT  O0Q BSSBZ XFJHIUT EUZQF OQ GMPBU
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TVN@PG@XFJIHIUT XFIJHIUT TVN
# standardization:
0Q NVMUJQMZ XFJHIUT TVN@PG@XFIHIUT XFJHIUT
XFIHIUT XFIJHIUT DVNTVN
Y SBOEPN
for J in SBOHF MFO XFJHIUT
ify XFIHIUT<JI>
return PCKFDUT<J>

%W@LOKD

7D B@M TRD SGD ETMBSHNM \/DHFGSDC>BGNHBD ENQ SGD ENKKNVHMF S@RJ

3TOONRD VD G@UD @ KN@CDC CHD VHSG O @Guc o 46D OQNA@AHKHSX ENQ SGD NTSBNL-DR NE @Kk SGD
NSGDQ ONRRHAHKHSHDR HR DPTEKKX KHIDKX HD O 0 0 0 0
7D B@M B@KBTK@SD O VHG
0 0 Wo
5G@S L.D@MR
0

(NV B@M VD RHLTK@SD SGHR CHD WHSG NTQ V/DHFGSDC>BGNHBD ETMBSHNM

7D B@KK \VDHFGSDC>BGNHBD VHG E@BDR>NE>CHD @MC SGD VDHFGSR KRS %@BG B@KK BNQQDRONMCDMSR SN @ SGONV NE SGD
KN@CDC CHD

7D B@M RGNV SG@S HE VD SGQNV SGD CHD @ K@QFD MTL_ADQ NE SHL.DR ENQ DW@L-OKD SHL.DR VD FDS QNTFGKX SGD
OQNAQAHKHSX U@KTDR NE SGD VDHFGSR

from collections import $PVOUFS

GBDFT@PG@EJF < >
XFIHIUT < S

PVUDPNFT <>
0
for @ 1n SBOHF O
PVUDPNFT BQQFOE XFJHIUFE@DIPJDF GBDFT@PG@EJF XFJHIUT

D $PVOUFS PVUDPNFT
for LFZ in D
D<LFZ> D<LFZ> 0

QSJOU TPSUFE D WBMVFT TVN D WBMVFT
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7D B@M @KRN TRD KHRS NE RSQHMFR VHSG NTQ VDHFGSDC>BGNHBD ETMBSHNM

"7D CDEHMD @ KHRS NE BHSHDR @MC @ KHRS \VHSG SGDHQ BNQQDRONMCHMF ONOTK@SHNMR 4GD OQNA@AHKHSX NE @ BHSX SN AD BGNRDM
RGNTKC AD @BBNQCHMF SN SGDHQ RHYD

DJUJFT < "SBOLGVSU
4UVUUHBSU
*SFJCVSH
.eODIFO
;eSJDI
)BNCVSH >
QPQVMBUJPOT < >
UPUBM TVN QPQVMBUJPOT
XFIHIUT < SPVOE QPQ UPUBM for QPQ 1n QPQVMBUJPOT>
QSJOU XFJHIUT
for J 1n SBOHF
QSJOU XFJHIUFE@DIPJDF DJUJFT QPQVMBUJPOT

< >
"SBOLGVSU
)BNCVSH
4UVUUHBSU
)BNCVSH
)BNCVSH
;eSJDI
.eODIFO
4UVUUHBSU
.eODIFO
"SBOLGVSU

WEIGHTED RANDOM CHOICE WITH NUMPY

AN OQNCTBD @ VVDHFGSDC BGNHBD NE @M 008X KHID NAIDBS /D B@M @KRN TRD SGD BGNHBD ETMBSHNM NE SGD

MTL.OX QBMCNL O@BJGFD ¥BST@KKX XNT RGNTKC TRD ETMBSHNMR EQNL. \/DKK DRSGAK:RGDC LNCTKD K#ID _ TL.OX
KMRSDAC NE QDHMUDMSHMF SGD \/GDDK AX VQHSHMF XNTQ N\/M BNCD )M @CCHSINM SGD BGNHBD ETMBSINM EQNL. . TLLOX B@M
CN DUDM LLNQD )S FDMDQ@SDR @ 0BMCNL RAL.OKD EQNL. @ FHUDM S5 @008X N @QQ@X K4JD NAIDBS KHJD @ KARS STOKD @MC RN
NM 4GD ETMBSINM BAM AD BOKDC \VHSG ENTQ 0@08L_DSDQR

DIPJDF B TJ[F /POF SFQMBDF 5SVF Q /POF
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Parameter Meaning

@ CHLDMRHNM@K @QQ@X KHID NAIDBS NQ @M HMS )E HS HR @M @QQ@X KHID NAIDBS SGD ETMBSHNM VHKK QDSTQM @ Q@MCNL R@LOKD EQNL
SGD DKDLDMSR )E HS HR @M HMS HS ADG@UDR @R HE \/D B@KKDC HS \/HSG MO @Q@MFD @

(S}

4GHR HR @M NOSHNM@K 0@Q@L-DSDQ CDEHMHMF SGD NTSOTS RG@OD )E SGD FHUDM RG@ODHR DF N O L SGDM N O

RiYD L R@LOKDR @QD CQ@VM 4GD $DEATKS HR - NMD HM \/GHBG B@RD @ RHMFKD UGKTD VHKK AD QDSTQMDC

(DOK@BD T NOSHNM@K ANNKD@M O@Q@L-DSDQ )S HR TRDC SN CDEHMD VGDSGDQ SGD NTSOTS REL-OKD \HKK AD WHSG NQ \VHSGNTS QDOK@BDL.DMSR

TM NOSHNM@K ~ CHL_DMRHNM@K @QQ@X kHID NAIDBS \VGHBG BNMS@HMR SGD OQNAGARKHSHDR @RRNBHESDC VHSG D@BG DMSQX HM @ )E HS HR
MNS FHUDM SGD R@L-OKD @RRTL.DR @ TMHENQL- CHRSQHATSHNM NUDQ @KK DMSQHDR HM @

7D VHKK AGRD NTQ EHQRS DWDQBHRD NM SGD ONOTK@QHSX NE OQNFQ@ L L.HMF KGMFT@FD @R RS@SDC AX SGD  44NAD HMCDW

from numpy.random import DIPJDF

QSPGFTTJPOT < TDJFOUJTU
QIJIMPTPQIFS
FOHJOFFS
QSJFTU
QSPHSBNNFS >

QSPCBCIMIUIFT < >
DIPJDF QSPGFTTJPOT Q QSPCBCIMJUJFT

/TO0TS OSPHSBNNFS

,DS TR TRD SGD ETMBSHNM BGNHBD SN BQD@SD @ R@L-OKD EQNL. NTQ OQNEDRRHNMR 4N FDS SVVN OQNEDRRANMR BGNRDM VD RDS
SGD TILF 0@Q@L-DSDQ SN SGD RG@AOD )M SGHR BERD LTKSHOKD NBBTQ@MBDR @QD ONRRHAKD 4GD SNO SDM
OQNFQ@LLHMF K@MFT@FDR tM X TFTRS VD@D

Programming Language Percentage in August 2019 Change to August 2018

*oue

#

OXSGNM
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Programming Language Percentage in August 2019 Change to August 2018
#
#
GHRTEK ""(@RHB -%4
*@U@3BQHOS
0(o0
/AIDBHUD #
31,

2TAX

QSPHSBNNJOH@MBOHVBHFT < +BWB $ 1ZU1PO $
XFIHIUT  0Q BSSBZ < >

# normalization
XFIHIUT TVN XFIHIUT
QSJOU XFJHIUT

for J in SBOHF
QSJOU DIPJDF QSPHSBNNJOH@MBOHVBHFT Q XFJHIUT

< >
+BWB

$
1ZUIPO
1ZUIPO
$

$

$

$
1ZUIPO
$
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WEIGHTED SAMPLE

)M SGD OQDUHNTR BG@OSDQ NM Q@MCNL. MTL_ADQR @MC OQNA@AHKHSX VD HMSQNCTBDC SGD ETMBSHNM R@L-OKD NE SGD LLNCTKD
Q@MCNL- SN Q@MCNL.KX DWSQ@BS @ ONOTK@SHNM NQ R@L-OKD EQNL @ FQNTO NE NAIDBSR KHJR KHRSR NQ STOKDR %UDQX NAIDBS
G@C SGD R@L-D KHIDKHIGNNC SN AD CQ@VM HD SN AD 0@QS NE SGD R@L-OKD

)M QD@K KHED RHST@SHNM SGDQD VHKK AD NE BNTQRD RHST@SHNM HV \/GHBG DUDQX NQ RNL-D NAIDBSR \VHKK G@UD CHEEDQDMS
OQNAQAHKHSHDR 7D \W/HKK RS@QS @F@HM AX CDEHMHMF @ ETMBSHNM NM NTQ NVM 4GHR ETMBSHNM VHKK TRD SGD OQDUKNTRKX
CDEHMDC VDHFGSDC>BGNHBD ETMBSHNM

def XFIJHIUFE@TBNQMF QPQVMBUJPO XFJHIUT L
This function draws a random sample (without repeats)
of length k from the sequence “population® according
to the list of weights
TBNQMF  TFU
QPQVMBUJPO  MJTU QPQVMBUJPO
XFIHIUT  MJITU XFJIHIUT
while MFO TBNQMF L
DIPJDF  XFJHIUFE@DIPJDF QPQVMBUJPO XFJHIUT
TBNQMF BEE DIPJDF
JOEFY  QPQVMBUJPO JOEFY DIPJDF
XFIHIUT QPQ JOEFY
QPQVMBUJPO SFNPWF DIPJDF
XFIJHIUT <Y TVN XFJHIUT for Y in XFJHIUT>
return MJTU TBNQMF

%W@LOKD TRHMF SGD R@L-OKD ETMBSHNM

,DSR GRRTL.D \/D G@UD DHFGS BAMCHDR BNKNTQDC QDC ~ FQDDM  AKTD  XDKINV  AK@BJ  VGID  O#MJ  @MC
NQ@MFD ./ TQ EQHDMC ODSDQ \/HKK GAUD SGD VDHFGSDC  OQDED(DMBD ENQ
SGDR BNKNTQR (D HR @KKNV/DC SN 56JD  BEMCHDR

DBOEJFT < SFE HSFFO CMVF ZFMMPX CMBDL X1JUF QJ
oL PSBOHF >
XFIHIUT < >
for J 1In SBOHF
QSJOU XFJHIUFE@TBNQMF DBOEJFT XFJHIUT
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HSFFO PSBOHF  QJOL >
HSFFO PSBOHF ~ CMBDL >
ZFMMPX ~ CMBDL  QJOL >
SFE HSFFO  ZFMMPX >
ZFMMPX ~ CMBDL  QJOL >
HSFFO PSBOHF  ZFMMPX >
SFE  CMVF QJOL >

XI1JUF  ZFMMPX  QJOL >
HSFFO CMVF  QJOL >
PSBOHF CMVE  CMBDL >

NNNNNNANNNNA

, DSR @OOQNWHL_@SD SGD KHIDKHGNNC ENQ @M NQ@MFD B@MCX SN AD HMBKTCDC HM SGD R@L-OKD

0
PSBOHF@DPVOUFS
for J 1n SBOHF O
if PSBOHF 1n XFJHIUFE@QTBNQMF DBOEJFT XFJHIUT
PSBOHF@DPVOUFS

QSJOU PSBOHF@DPVOUFS 0

)S V@R BNL.OKDSDKX TMMDBDRR@QX SN V/QHSD SGHR ETMBSHNM ADB@TRD VD B@M TRD SGD BGNHBD ETMBSHNM NE - TL.OX ENQ
SGHR OTQONRD @R WDKK KK /D G@UD SN CN HR @RRHFM SGD RGEOD SN SGD NOSHNM@K O@Q@L-DSDQ RHYD DS TR QDCN SGD
OQDUHNTR DW@L_OKD AX RTARSHSTSHMF VDHFGSDC>R@L.OD VHSG @ B@kk NE MO Q@MCNL BGNHBD

0

PSBOHF@DPVOUFS

for J 1n SBOHF O

if PSBOHF 1n OQ SBOEPN DIPJDF DBOEJFT
Q XFJHIUT
TI[F
SFQMBDF False
PSBOHF@DPVOUFS

QSJOU PSBOHF@DPVOUFS O

)M @CCHSHNM  SGD ETMBSHNM MO Q@MCNL. BGNHBD FHUDR TR SGD ONRRHAHKHSX SN @KKNV QDODSHHNMR @R \/D B@M RDD HM SGD
ENKKNVHMF DW@L_OKD

DPVOUSJFT < (FSNBOZ 4XJU[FSMBOE
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"VTUSJB /FUIFSMBOET

#FMHJIVN 1PMBOE

" SBODF *SFMBOE >
XFIHIUT  0Q BSSBZ <

XFIHIUT  XFIHIUT  TVN XFIHIUT

for J 1In SBOHF
QSJOU 0OQ SBOEPN DIPJDF DPVOUSJFT
Q XFJHIUT
TI[F
SFOMBDF True

(FSNBOZ  #FMHJVN "SBODF >
1PMBOE 1PMBOE 1PMBOE >
(FSNBOZ "VTUSJIB 1PMBOE >
" SBODF " SBODF "SBODF >

NNNAN

CARTESIAN CHOICE
AGD ETMBSHNM B@QSDRH@M>BGNHBD HR M@LDC @ESDQ SGD #@QSDRA@M OQNCTBS EQNL. RDS SGDNQX

AGD #@QSDRHEM OQNCTBS HR @M NODQ@SHNM V/GHBG QDSTQMR @ RDS EQNL. LTKSHOKD RDSR  4GD QDRTKS RDS EQNL. SGD #@QSDRHEM
OQNCTBS HR B@KKDC @ OQNCTBS RDS NQ RHL-OKX SGD OQNCTBS

&NQ SN RDSR ¥ @MC ** SGD #@QSDRHE@M OQNCTBS ¥ g ** HR SGD RDS NE @kk NQCDQDC O@HR @ A VGDQD @ ¥ @MCA **
W™ Z@O@A[@ TYTEMCA '\

JEVDGAUDMRDSR ¥ ¥ Ty VD B@M ATHKC SGD #@QSDRHEM OQNCTBS BNQODRONMCHMFKX

LW W OWIy Z@ @ ou[@ '@ v G N

4GD #@QSDRHEM OQNCTBS NE M RDSR HR RNL-DSHL_DR B@KKDC @M M ENKC #@QSDRH@M OQNCTBS

7D VHK VQHSD MNV @ ETMBSHNM B@QSDRHEM>BGNHBD VGHBG S@JDR @M @QAHSQAQX MTLADQ NE HSDQ@AKDR @R @QFT L.DMSR @MC
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QDSTQMR @ KHRS \/GHBG BNMRHRSR NE Q@MCNL- BGNHBDR EQNL. D@BG HSDQ@SNQ HM SGD QDRODBSHUD NQCDQ

—(@SGDL_@SHBEKKX \/D B@M RDD SGD QDRTKS NE SGD ETMBSHNM B@QSDRA@M>BGNHBD @R @M DKDL-DMS NE SGD #@QSDRH@M OQNCTBS
NE SGD HSDQ@AKDR VVGHBG G@UD ADDM O@RRDC @R @QFT L.DMSR

Import numpy as np

def DBSUFTJBO@DIPJDF JUFSBCMFT

A list with random choices from each i1terable of iterables
IS being created in respective order.

The result list can be seen as an element of the
Cartesian product of the i1terables
SFT <>
for QPQVMBUJPO in JUFSBCMFT
SFT BQQFOE 0Q SBOEPN DIPJDF QPQVMBUJPO

return SFT
DBSUFTJBO@DIPJIDF < SIF "o
< SFE HSFFO CMVE ZFMMPX HSFZ >
< DBS IPVTF GJTI MIHIU >
< TNFMMT ESFBNT CMJOLT TIJOFT >
/TOTS o 51F HSFFO IPVTF TIJOFT >

7D CDEHMD MNV @ VDHFGSDC UDQRHNM NE SGD OQDUHNTRKX CDEHMDC ETMBSHNM

Import numpy as np

def XFJHIUFE@DBSUFTJBO@DIPJDF JUFSBCMFT

An arbitrary number of tuple or lists,

each consisting of population and weights.

welghted_cartesian_choice returns a list

with a chocie from each population

SFT <>

for QPQVMBUJPO XFJHIUT in JUFSBCMFT
# normalize weight:
XFIJHIUT  O0Q BSSBZ XFJHIUT TVN XFIHIUT
MTU  OQ SBOEPN DIPJDF QPQVMBUJPO Q XFJHIUT
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SFT BQQFOE MTU

return SFT
EFUFSNJOFST < 5IF ' &BDI &WFSZ /P >
< >
DPMPVST < SFE HSFFO CMVF ZFMMPX HSFZ >
< >

OPVOT < XBUFS FMFQ1BOU GJTI MIHIU QSPHSBNNJOH MBOHV
BHF >

< >
OPVOT < PG IBQQJOFTT PG DIPDPMBUF PG XJTEPN PG DIBMMF
OHFT PG BJS >

< >
WFSC@QISBTFT < TNFMMT ESFBNT UILJOLT JT NBEF PG >

< >

QSJOU *U NBZ PS NBZ OPU CF USVF
for J 1n SBOHF
SFT XFIHIUFE@DBSUFTJBO@D IPJDF EFUFSNJOFST
DPMPVST
OPVOT
WFSC@QISBTFT
OPVOT
QSJou KPJO SFT

*U NBZ PS NBZ OPU CF USVF

" HSFZ MJHIU TNFMMT PG 1BQQJOFTT

SIF HSFFO XBUFS TNFMMT PG 1BQQJOFTT

" CMVF XBUFS TNFMMT PG BJS

SIF HSFFO FMFQIBOU ESFBNT PG IBQQJOFTT

" ZFMMPX GJTI TNFMMT PG IBQQJOFTT

SIF HSFZ FMFQIBOU ESFBNT PG BJS

/P HSFZ QSPHSBNNJOH MBOHVBHF ESFBNT PG BJS
&WFSZ CMVF FMFQIBOU TNFMMT PG 1BQQJOFTT

" CMVF MJHIU TNFMMT PG BJS

SIF HSFZ QSPHSBNNJOH MBOHVBHF ESFBNT PG IBQQJOFTT

7D BGDBJ HM SGD ENKKNVHMF UDQRHNM HE SGD  OQNA@AHKHSHDR - @QD @KK QHFGS

import random

def XFJHIUFE@DBSUFTJBO@DIPJIDF JUFSBCMFT

A list with weighted random choices from each i1terable of iter
ables
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IS being created i1n respective order

SFT <>

for QPQVMBUJPO XFJHIU in JUFSBCMFT
MTU XFIHIUFE@DIPJIDF QPQVMBUJPO XFJHIU
SFT BQQFOE MTU

return SFT
EFUFSNJOFST < 51F ' &BDI1 &WFSZ /P >
< >
DPMPVST < SFE HSFFO CMVF ZFMMPX HSFZ >
< >

OPVOT < XBUFS FMFQIBOU GJTI MJIHIU QSPHSBNNJOH MBOHV
BHF >

< >
OPVOT < PG IBQQJOFTT PG DIPDPMBUF PG XJTEPN PG DIBMMF
OHFT PG BJS >

< >
WFSC@QISBTFT < TNFMMT ESFBNT UIJOLT JT NBEF PG >

< >

QSJOU *U NBZ PS NBZ OPU CF USVF
TFOUFODFT <>
for J 1n SBOHF
SFT XFIHIUFE@DBSUFTJBO@DIPJIDF EFUFSNJOFST
DPMPVST
OPVOT
WFSC@QISBTFT
OPVOT
TFOUFODFT BQQFOE KPJO SFT

XPSET < TNFMMT ESFBNT UlJOLT JT NBEF PG >
from collections import $PVOUFS
D  $PVOUFS
for TFOUFODF in TFOUFODFT
for XPSE i1n XPSET
iT XPSE in TFOUFODF
D<XPSE>

XTVN TVN D WBMVFT
for LFZ in D
QSJOU LFZ D<LFZ> XTVN
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*U NBZ PS NBZ OPU CF USVF
UIJOLT

JT NBEF PG

TNFMMT

ESFBNT

RANDOM SEED

¥ QGMCNL RDDC  @XRN BGKKDC RDDCRS@SD NQ ITRS RDDC  HR @ MTL.AD(
TRDC SN HMHSHEKAYD @ ORDTCNQ@MCNL. MTL.ADQ FDMDQ@SNQ 7 GDM \/D B@KDC
QMCNL Q@MCNL. /D DWODBSDC @MC FNS @ Q@MCNL. MTL.ADQ ADS\/DDM

@MC  Q@MCNL QGMCNL.  B@KBTK@SDR @ MDV/ QBMCNL MTL.ADQ AX TRHMF SGD
OQDUHNTRKX OQNCTBDC (Q@MCNL. MTLLAD) 7 G@S GANTS SGD EHQRS SHL.D /D TRD
QBMCNL KM NTQ OQNFQ@L. ODR SGDQD HR MN OQDUKNTRKX BQD@SDC Q@MCNL
MTLLADQ )E @ Q8MCNL MTL.ADQ FDMDO@SNQ HR BEKKDC ENQ SGD EHORS SHLD  HS \/AK
G@UD SN BQD@SD @ EXQRS OBMCNL. MTLLADQ

)E /D RDDC @ ORDTCN Q@MCNL. MTL_ADQ FDMDQ@SNQ \/D OQNUHCD @ EHORS

OQDUKNTR U@KTD ¥ RDDC U@KTD BNQDRONMCR SN @ RDPTDMBD NE FDMDQ@SDC
UGKTDR ENQ @ FHUDM Q@MCNL MTL.ADQ FDMDQ@SNQ )E XNT TRD SGD RAL.D RDDC
UGKTD @F@HM XNT FDS @MC XNT BEM QDKX NM FDSSHMF SGD R@LD RDPTDMBD NE
MTLLADQR @FG@HM

4GD RDDC MTLLADQ HSRDKE CNDRM S MDDC SN AD Q@MCNLKX BGNRDM RN SG@S SGD
@KFNQHSG L. BQD@SDR UGKTDR VGHBG ENKKNV @ OQNA@AHKHSX CHRSQHATSHNM HM @
ORDTCNQ@MCNL L.@MMDQ 9DS SGD RDDC L-@SSDQR HM SDQL_R NE RDBTQHSX )E XNT
JVMNV SGD RDDC XNT BNTKC ENQ DW@L-OKD FDMDQ@SD SGD RDBQDS DMBQXOSHNM JDX VGHBG HR A@GRDC NM SGHR RDDC

2@MCNL RDDCR @QD HM L.@MX OQNFQ@L-LHMF KGMFT@FDR FDMDQ@SDC EQNL. SGD RS@SD NE SGD BNL.OTSDQ RXRSDL. V/GHBG HR
HM KNSR NE B@RDR SGD RXRSDL. SHL.D

AGHR KR SQTD ENQ OXSGNM @R WDKK (DKO NM Q@MCNL- RDDC R@XR SG@S HE XNT B@Kkk SGD ETMBSHNM VHSG - NMD NQ MN
@QFTLLDMS HS VHK RDDC  EQNL BTQQDMS SHLD NQ EQNL- @M NODQ@SHMF RXRSDL. RODBHEHB Q@MCNL-MDRR RNTQBD HE @U@HK@AKD

import random

IFMQ SBOEPN TFFE
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)FMQ PO NFUIPE TFFE JO NPEVMF SBOEPN

TFFE B /POF WFSTJPO NFUIPE PG SBOEPN 3BOEPN JOTUBODF
*0JUJIBMJI[F JOUFSOBM TUBUF GSPN IBTIBCMF PCKFDU

/POF PS OP BSHVNFOU TFFET GSPN DVSSFOU UJNF PS GSPN BO PQFSBUJ
OH
TZTUFN TQFDJGJD SBOEPNOFTT TPVSDF JG BWBJMBCMF

"PS WFSTJPO UIF EFGBVMU BMM PG UIF CJUT BSF VIFE JG B J
T B TUS

CZUFT PS CZUFBSSBZ "PS WFSTJPO UIF IBTI PG B JT VTF
E JOTUFBE

*G B JT BO JOU BMM CJUT BSF VTFE

4GD RDDC ETMBSHNMR @KKNVR XNT SN FDS @ CDSDQL-HMDC RDPTDMBD NE Q@MCNL. MTLLADQR ONT B@M QDOD@S SGHR
RDPTDMBD VGDMDUDQ XNT MDDC HS @F@HM D F ENQ CDATFFHMF OTQONRDR

import random
SBOEPN TFFE

for @ 1n SBOHF
QSJOU SBOEPN SBOEJOU FOE

QSJOU \n-FU T DSFBUF UIF TBNF SBOEPN OVNCFST BHBJO
SBOEPN TFFE
for @ 1n SBOHF

QSJOU SBOEPN SBOEJOU FOE

-FU T DSFBUF UIF TBNF SBOEPN OVNCFST BHBJO

RANDOM NUMBERS IN PYTHON WITH GAUSSIAN AND NORMALVARIATE
DISTRIBUTION

7D V@S SN BQD@SD MNV Q@MCNL. MTL_ADQR ADSVDDM @mC SG@S GAUD @ F@TRRAAM CHRSQHATSHNM VHSG SGD
L.D@M U@KTD LT RDS SN @MC SGD RS@MC@QC CDUH@SHNM RHFL_@ HR RDS SN
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from random import HBVTT
0

WBMVFT <>
GSFRVFODJFT \»

while MFO WBMVFT 0
WBMVF HBVTT

if WBMVF
GSFRVFODJFT<JOU WBMVF > GSFRVFODJFT HFU JOU WBMVF

WBMVFT BQQFOE WBMVF

QSJOU WBMVFT< >

<

AGD ENKKNVHMF OQNFQ@L- OKNSR SGD Q@MCNL. U@KTDR VGHBG VD G@UD BQD@SDC ADENQD 7D G@UDM S BNUDQDC L @SOKNSKHA
RN E@Q RN HSR MNS MDBDRR@)X SN TMCDQRS@MC SGD BNCD

matplotlib JOMJOF
import matplotlib.pyplot as plt

GSFR MITU GSFRVFODJFT JUENT
GSFR TPSU

QMU QMPU MJTU [JQ GSFR
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/TOTS < NBUQMPUMJC MJOFT -JOF % BU Y G B >

.l

7D CN SGD R@LD MNV VHSG MNQL-U@QH@SD HMRSD@C NE F@TRR

from random import OPSNBMWBSJBUF
0

WBMVFT <>
GSFRVFODJFT \»

while MFO WBMVFT 0
WBMVF ~ OPSNBMWBSJBUF
if WBMVF
GSFRVFODJFT<JOU WBMVF > GSFRVFODJFT HFU JOU WBMVF
WBMVFT BQQFOE WBMVF
GSFR MITU GSFRVFODJFT JUENT
GSFR TPSU

QMU QMPU MJTU [JQ GSFR
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/TOTS < NBUQMPUMJC MJOFT -JOF % BU Y G GFG E >

.l

EXERCISE WITH ZEROS AND ONES

)S LHFGS AD @ FNNC HCD@ SN \V/QHSD SGD ENKKNVHMF ETMBSHNM @R @M DWDQBHRD XNTQRDKE 4GD ETMBSHNM RGNTKC AD B@KKDC
VHSG @ 0@Q@LDSDQ O VGHBG HR @ OQNA@AHKSX U@KTD ADSVDDM ~ @MC ~ 4GD ETMBSHNM QDSTQMR @ \VHSG @ OQNA@AHKHSX NE
O HD NMDR HM O ODQBDMS @MC YDQNR HW O ODQBDMS NE SGD B@KkR

import random

def SBOEPN@POFT@BOE@[FSPT Q
""" p: probability O <= p <=1
returns a 1 with the probability p
Y SBOEPN SBOEPN
iTyYy Q
return
else
return

» DSR SDRS NTQ KHSSKD ETMBSHNM

0
TVN SBOEPN@POFT@BOE@[FSPT for J in SBOHF O 0]
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/T50TS

)S LHFGS AD @ FQD@S HCD@ SN HL_OKDLDMS @ S@RJ KHID SGHR VHSG @ FDMDQ@SNQ )E XNT @D MNS E@QLHK@Q VHSG SGD V@X NE
VNQJIHMF NE @ OXSGNM FDMDQ@SNQ VD QDBNL.L.DMC SN BNMRTKS NTQ BGAOSD) NM FDMDO@SNOR @MC HSDO@SNOR NE NTQ
OXSGNM STSNQHK

import random

def SBOEPN@POFT@BOE@[FSPT Q
while True
Y SBOEPN SBOEPN
yield iTY Q else

def GJSTUO HFOFSBUPS O
for J in SBOHF O
yield OFYU HFOFSBUPS

0
TVN Y for Y in GJISTUO SBOEPN@POFT@BOE@[FSPT 0 0

/TS0TS

/' T( FDMDQ@SNQ Q@MCNL>NMDR>@MC>YDQNR B@M AD RDDM @R @ RDMCDQ V/GHBG DL.HSR NMDR @MC YDQNR VHSG @ OQNA@AHKHSX
NEO@MC O QDRODBSHUDKX

7D VHK \V/QHSD MNV @MNSGDQ FDMDQ@SNQ \V/GHBG HR QDBDHUHMF SGHR AHSRSQD@L- 4GD S@RJ NE SGHR MDV FDMDQ@SNQ HR SN
QD@C SGD HMBNLHMF AHSRSQDAL- @MC XHDKC @MNSGDQ AHSRSQDAL- \WHSG NMDR @MC YDQNR VHSG @ OQNA@AHKHSX NE ~ WHSGNTS

JMNVHMF NQ TRHMF SGD OQNA@AHKHSX O )S RGNTKC VNQJ ENQ @M @QAHSQ@QX OQNA@AHKHSX U@KTD O

def FCJUUFS CJUTUSFBN
while True
CJu OFYU CJUTUSF
BN
CJu OFYU CJUTUSF
BN
it CJu CJuU

CJu OFYU CJUTUSFBN
it CJU CJu

yield
else

yield

def FCIJUUFS CJUTUSFBN
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CJu OFYU CJUTUSFBN
CJuU OFYU CJUTUSFBN
CJuU OFYU CJUTUSFBN
while True
it CJu CJu
it CJU CJu

yield
else
yield
CJu CJu CJu CJu CcJu OFYU CJUTUSFBN

0
TVN Y for Y in GJSTUO FCJUUFS SBOEPN@POFT@BOE@[FSPT 0 0
/TS0TS
0
TVN Y for Y in GJSTUO FCJUUFS SBOEPN@POFT@BOE@[FSPT 0
0
/TS0TS
Underlying theory:

/' TQ EHQRS FDMDQ@SNQ DLLHSR @ AHSRSQD@L. ** **  **

7D BGDBJ MNV @M @QAHSQ@QX O@HQ NE BNMRDBTSHUD ""HSR **y ""

3TBG @ O@HQ BAM GAUD SGD UGKTDR NQ  4GD OQNAQAHKHSX O 0 WO @MC OQNA@AHKHSX O ow
0 RN SG@S SGD BNLAHMDC OQNA@AHKSX SG@S SGD SN BNMRDBTSHUD AHSR @QD DHSGDQ ~ NQ NQ SGD RTL NE SGD SVN

AHRHR HR WO WO

-NV VD KNNJ @ @MNSGDQ AHS "y "7/G@S HR SGD OQNA@AHKHSX SG@S ANSG

4GD ONRRHAKD NTSBNL-DR R@SHREXHMF SGDRD BNMCHHNMR @MC SGDH) BNQQDRONMCHMF OQNA@AHKHSHDR B@M AD ENTMC HM SGD
ENKKNVHMF S@AKD

Probability Bi Bi+1 Bi+2
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ow o0

ow 0

7D VHKK CDMNSD SGD NTSBNL.D RTL. **y ** @R8 (@MC BNQQDRONMCHMFKX SGD NTSBNL.D RTL. " " @R 8

3N SGD INHMS OQNAQAHKHKX 0O 8 8 O W O OW 0 VGHBG B@M AD QD@QREMFDCSNOW O
AGD BNMCHSHNM@K OQNA@AHKHSX NE 8  FHUDM 8
08 [8 08 8 08

0o8[8 ow O wow O

SYNTHETICAL SALES FIGURES

)M SGHR RTABG@OSD) VD V@M SN BQD@SD @ CAS@ EAD \/KSG RAKDR EHFTQDR )LL@FHMD SG@S VD GAUD @ BG@HM NE RGNOR H
UGQANTR %TONOD@M @MC #GMACHAM BHSHDR &QBMJIET(S —TMHBG ""DQEM = TQHBG (@L.ATQF , NMCNM 4NQNMSN
3500RANTOF , TWDLANTQF ¥ LRSDQCAL. 2NSSDQCL. 4GD (@FTD

7D RS@QS VHSG @M @QQ@X R@KDR NE R@KDR EHFTQDR ENQ SGD XD@Q

Import numpy as np

TBMFT  0Q BSSBZ <
>

4GD @HL HR SN BQD@SD @ BNL L@ RDO@Q@SDC KHRS KHID SGD NMDR XNT FDS EQNL. %WBDK 4GD EHD RGNTKC BNMS@HM SGD R@KDR
EHFTQDR VD CNM S JMNV ENQ @KK SGD RGNOR VD CNM S G@UD RO@MMHMF SGD XD@Q EQNL- SN

7D VKK @CC 0BMCNL UGKTDR SN NTQ RGKDR EHFTQDR XD@Q @ESDQ XD@Q &NQ SGHR OTQONRD \/D BNMRSQTBS @M @008X VHSG
FONVSGQBSDR 4GD FONV/SGO@SDR BEM UBOX ADSVDDM @ LAMHL_@K ODQBDMS UGKTD  L.AM>ODOBDMS @MC L.@WHL.TL. ODQBDMS
UGKTD LGW>0DQBDMS

NJO@QFSDFOU # corresponds to -1.5 %
NBY@QFSDFOU #6 %
HSPXUISBUFT NBY@QFSDFOU NJO@QFSDFOU 0OQ SBOEPN SBOEPN@TBNQM
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F NJO@QFSDFOU
QSJOU HSPXUISBUFT

<

AN FDS SGD MDV/ RGKDR EHFTQDR @ESDQ @ XD@Q VD LTKSHOKX SGD RGKDR @Q0@X R@KDR \/HSG SGD @Q08X FQNV/SGQ@SDR

TBMFT HSPXUISBUFT

4N FDS @ LNQD RTRS@HM@AKD R@DR CDUDKNOL.DMS VD BG@MFD SGD FQNV/SGQ@SDR NMKX DUDQX ENTQ XD@QR

AGHR HR NTQ BNL.OKDSD OQNFQ@L. \/GHBG R@UDR SGD C@5@ HM @ EHKD B@KKDC R@KDR>EHFTQDR BRU

Import numpy as np
Gl PQFO TBMFT@GJHVSFT DTW X

Gl XSJUF :FBS *SBOLGVSU .vOJDlI #FSMJO ;VSJDI )BNCVSH -POEP
O 5PSPOUP 4USBTCPVSH -VYFNCPVSH *NTUFSEBN 3PUUFSEBN 5IF )BHV
F\n

TBMFT 0Q BSSBzZ <

for ZFBS in SBOHF

MJOF TUS ZFBS KPJO NBQ TUS TBMFT
Gl XSJUF MJOF \n
it ZFBS
NJO@QFSDFOU # corresponds to -1.5 %
NBY@QFSDFOU # 6 %
HSPXUISBUFT NBY@QFSDFOU NJO@QFSDFOU 0OQ SBOEPN SBO
EPN@TBNQMF NJO@QFSDFOU

#growthrates = 1 + (np.random.rand(12) * max_percent - ne
gative max) 7/ 100
TBMFT  OQ BSPVOE TBMFT  HSPXUISBUFT
Gl DMPTF
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4GD QDRTKS HR M SGD EHKD RGKDR>ERFTODR BRU

7D VHKK TRD SGHR EHKD HM NTQ BG@OSDQ NM QD@CHMF @MC \VQHSHMF M - TL.OX

EXERCISES

,DSR CN RNL.D LLNQD CHD QNKKHMF OQNUD DL_OHQHB@KKX ~AX VQHHMF @ RHLTK@SHNM OQNFQ@L-  SG@S SGD
OQNA@AHKHSX ENQ SGD BNL_AHMDC DUDMSR @M DUDM MTL_ADQ HR QNKKDC % @MC ¥ MTL_ADQ FQD@SDQ SG@M
HR QNKKDC  HR
4GD EHKD ; TMHUDQRHSHDR>TJ SWS = TMHUDQRHSHDR>TJ SWS BNMS@HMR @ KHRS NE TMHUDQRHSHDR HM SGD SMHSDC
+HMFCNL. AX DMQNKKL-DMS EQN L C@S@ EQNL. ;"7HJIDODCH@= GSSOR DM VHJIHODCH@ NQF VHJIH
, HRS>NE>TMHUDQRHSHDR>HM>SGD>5MHSDC>+HMFCN L >AX>DMQNKKL_DMS  BHSD>MNSD 7 QHD @ ETMBSHNM
VGHBG QDSTQMR @ STOKD TMHUDQRHSHDR DMQNKKL_DMSR SNS@K>MTLLADQ>NE>RSTCDMSR VHSG ~ TMHUDQRHSHDR
KHRS NE SMHUDQRHSX M@L-DR  DMQNKKL-DMSR BNQQDRONMCHMF KHRS \WHSG DMQNKKL-DMSR
SNS@K>MTLLADQ>NE>RSTCDMSR NUDQ @K TMHUDQRHSHDR - N\ XNT B@W DMQNKK @ EHBSHNM@K RSTCDMSR
VHSG @ KHIDKHGNNC BNQQDRONMCHMF SN SGD QD@K DMQNKKL_DMSR

,D8 LD $8JD XNT A@BJ KM SHL_D @MC RO@BD HM NTQ MDWS DWDQBHRD
7D VHK SQ@UDK A@BJ HMSN @MBHDMS OXSGNMHE w~ aNAj ) V@R
$GD SHL.D \VGDM JHMF OXRRDTR QTKDC @R SGD ADMDUNKDMS CHBS@SNQ
ENQ KHUD )$ \/@R SGD SHL.D \VGDM OXRRDTR RDMS NTS GHR
L_DRRDMFDQR SGQNTFGNTS SGD V/NQKC SN @MMNTMBD SG@S SGD SHL.D
G@R BNLD ENQ GHR OQHMBDR ¥ M@BNMCNR pNjAONKOA #NAQINM
uOE&UION  ""N@SNR \&a0jn0a @MC TCCNJKDR pNkOAG~a SN
LDQOX 3N SGDX NQF@MHYDC SGD SNTFGDRS OQNFQ@ L L_HMF
BNMSDRSR @LNMFRS SGD E@H) @MC AQBUD @L.@YNMR ADSSDQ JMNVM
@R OXSGNMHRS@R NE OXSGNMH@ &HMEKKX NMKX DKDUDM @L@YNMR
V/DQD KDES SN BGNNRD EQNL

4GD DSGDQD@K YHOK@ pAUCH  ""G0A@Q@ qjUlyUj SeD
NMD EQNL_ @ ENQDHFM BNTMSOX ~ %NR s&a  KNNJHMF CHUHKMD HM
COVM  AGDRVDDS "KXJDQH@ §CaAIU{j  4GD FQ@BDETKK
(omme pNNj  (DKOM rCIN~  SGD KHFGS HM SGD C@QJ  4GD
FNNC @MFDK ¥ FGSGAMFDKNR p}j y}HICOA  SGD UHNKDS SHMSDC BKNTC )NJ@RSD tOAymn~  —DCNTR@ wzkOamj
SGD FT@QCHAM  SGD RDKE BNMSQNKKDC 3NEQNMHE x&oUON(j TMCONLDC@ pNKUOEIKJ SGD NMD VGN SGHMJIR

L@M NQ @ V@QUHNQ

/M $GD CAX SGDX @QQHUDC SGD BGEMBDR SN AD CQ8VM M SGD KNSSDOX @QD SGD RELD ENQ DUDQX @L.@YNM ATS OXRRDTR
\V/@MSR SGD KNSSDQX SN AD ONRSONMDC SN RNLD C@X HM SGD ETSTQD 4GD OQNAGAHK#SX BGAMFDR DUDQX C@X )S /K AD
KNVDODC AX  ENQ SGD EHQRS RDUDM @L@YNMDR @MC HS \/HK AD HMBQD@RDC AX  ENQ SGD K@RS ENTQ @L.@YNMDR
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(NV KNMF \VHK SGD JHMIF GUD SN \/@HS TMSH GD BEM AD LLNQD SG@M  ODQBDMS RTOD SG@S GHR OQHMBDR ¥ M@BNMCNR
#NAQHNM "*N@SNR @MC ¥ CCNJKDR WAk AD LGQGHDC SN )NJ@RSD —DCNTR@ 3NEQNMK@ GMC ¥ MCONL.DC@

H

NK

SOLUTIONS TO OUR EXERCISES

from random import SBOEJOU
PVUDPNFT < SBOEJOU for @ in SBOHF >

FWFO@QJQT < Y for Y in PVUDPNFT if Y >
HSFBUFS@UXP <Y for Y in PVUDPNFT 1f Y >

DPNCJOFE <Y for Y in PVUDPNFT i1f Y and Y >

QSJOU MFO FWFO@QJQT MFO PVUDPNFT
QSJOU MFO HSFBUFS@UXP MFO PVUDPNFT
QSJOU MFO DPNCJOFE MFO PVUDPNFT

a ¥SEHQRS VD VHKK \VQHSD SGD ETMBSHNM  OQNBDRR>C@S@EHKD SN OQNBDRR NTQ C@S@ EHKD

def QSPDFTT@EBUBGJIMF GJIMFOBNF
"' process _datafile -> (universities,
enrol Iments,
total number_of students)
universities: list of University names
enrollments: corresponding list with enrollments
total number_ of students: over all universities

VOIWFSTIUIFT <>
FOSPMMNFOUT <>
with PQFO GJIMFOBNF as Gl
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UPUBM@OVNCFS@PG@TUVEFOUT

Gl SFBEMJOF # get rid of descriptive first line

for MJOF in Gl
MJOF MJOF TUSJQ
QSBFGJY VOEFSHSBEVBUFT QPTUHSBEVBUFT UPUBM MJO

F STQMJU
VOIWFSTJUZ  QSBFGJY< >
UPUBM  JOU UPUBM SFQMBDF
FOSPMMNFOUT BQQFOE UPUBM
VOJWFSTJUJFT BQQFOE KPJO VOJWFSTJUZ
UPUBM@OVNCFS@PG@TUVEFOUT UPUBM
return VOJIWFSTJUJFT FOSPMMNFOUT UPUBM@OVNCFS@PG@TUVEFOUT

, DSR RS@QS NTQ ETMBSHNM @MC BGDBJ SGD QDRTKSR

VOJWFSTJUJFT FOSPMMNFOUT UPUBM@TUVEFOUT  QSPDFTT@EBUBGJIMF VOJW
FSTJUJFT@VL UYU

for J 1In SBOHF

QSJOU VOJIWFSTJUJFT<J> FOE

QSJOU FOSPMMNFOUT<J>
QSJOU 5PUBM OVNCFS PG TUVEFOUT POSPMMFE JO UIF 6, UPUBM@TUVEF
ouT

OQFO 60JWFSTJUZ JO &OHMBOE
60JWFSTJUZ PG .BODIFTUFS
60JWFSTJUZ PG /PUUJOHIBN

41FGGIFME )BMMBN 60JWFSTJUZ
60JWFSTJIUZ PG #JSNJOHIBN
-BODIFTUFS .FUSPQPMJUBO 60JWFSTJUZ
60JWFSTJIUZ PG -FFET

$BSEJGG 60JWFSTJIUZ

60JWFSTJUZ PG 4PVUI 8BMFT
60JWFSTJUZ $PMMFHF -POEPO

,JOH T $PMMFHF -POEPO

60JWFSTJIUZ PG &EJOCVSHI
/PSUIVNCSJB 60JWFSTJUZ

60JWFSTJUZ PG (MBTHPX

S5PUBM OVNCFS PG TUVEFOUT POSPMMFE JO UIF 6,

7D VOMS SN DMONKK MNV @ UHQST@K RSTCDMS Q@MCNLKX SN NMD NE SGD TMHUDQRHHDR 4N FDS @ VDHFGSDC KHRS RTHS@AKD ENQ
NTQ \VDHFGSDC>BGNHBD ETMBSHNM VD G@UD SN MNQL-@KHYD SGD U@KTDR HM SGD KHRS DMQNKKL-DMSR

OPSNBMJ[FE@FOSPMMNFOUT < TUVEFOUT UPUBM@TUVEFOUT for TUVEFOUT
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in FOSPMMNFOUT>

# enrolling a virtual student:
QSJOU XFJHIUFE@DIPJDF VOJWFSTJUJFT OPSNBMJ[FE@FOSPMMNFOUT

60JWFSTIUZ PG %VOEFF

7D G@UD ADDM @RJIDC AX SGD DWDQBHRD SN DMQNKK EHBSHNM@K RSTCDMSR  4GHR B@M AD D@RHKX @BBNLOKHRGDC
VHSG @ KNNO

from collections import $PVOUFS

PVUDPNFT <>
0
for J 1n SBOHF O
PVUDPNFT BQQFOE XFJHIUFE@DIPJDF VOJWFSTJUJFT OPSNBMJ[FE@FOSPM
MNFOUT

D  $PVOUFS PVUDPNFT

QSJOU D NPTU@DPNNPO

< OQFO 60JWFSTJUZ JO &OHMBOE 60JWFSTJUZ PG .BODIFTUF

S 60JWFSTJUZ PG /PUUJOHIBN 60JWFSTJIUZ PG #JS

NJOHIBN 41FGGJFME )BMMBN 60JWFSTJUZ -.BODIFTU

FS .FUSPQPMJUBO 60JWFSTJUZ $BSEJIGG 60JWFSTJIUZ

60JWFSTJUZ PG -FFET 60JWFSTJUZ PG 4PVUI 8BMFT

60JWFSTJIUZ PG 1MZNPVUI 60JWFSTJUZ $PMMFHF -POEP

0 $PWFOUSZ 60JIWFSTJIUZ 60JWFSTJIUZ PG UIF 8FT

U PG &OHMBOE 60JWFSTJIUZ PG &EJOCVSHI ,JOH T

$PMMFHF -POEPO 60JWFSTJUZ PG (MBTHPX 60JWFST

JUZ PG $FOUSBM -BODBTIJSF /PUUJOHIBN 5SFOU 60JWFSTJU

z 60JWFSTJIUZ PG 41FGGIFME /PSUIVNCSJB 60JWFS

TJUZ >

kH

4GD ATMBG NE @L-@YNMR HR HLLOKDL.DMSDC @R @ KHRS \/GHKD VD BGNNRD @ RDS ENQ OXRRDTRRDR EGUNQHSDR 4GD VDHFGSR @S
SGD ADFHMMHMF @QD ENQ@KK HD  KDM @L-@YNMR

%UDQX KNNO BXBKD BNQQDRONMCR SN @ MDV C@X %UDQX SHL.D VD RS@QS @ MDV KNNO BXBKD VD VHKK CQ@V M R@L.OKDR NE
OXSGNMHRS@R SN B@KBTK@SD SGD Q@SHN NE SGD MTL-ADQ NE SHL-DR SGD R@L-OKD HR DPT@K SN SGD JHMF R EQUNQHSDR CHUHCDC AX
SGD MTLADQ NE SHL_DR SGD R@L-OKD CNDRM $ L_@BG SGD JHMF R HCD@ NE CATFGSDQ HM K@VR 4GHR BNQQDRONMCR SN SGD
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OQNAGAHKSX OQNA 77D RSNO SGD EHORS SHLD SGD OQNA@AWKSX KR DPTE@K NQ KGQFDQ SG@M

7D B@M TRD ANSG SGD ETMBSHNM  VDHFGSDC>R@L.D @MC VDHFGSDC>R@L-OKD>@KSDQM@SHUD SN CN SGD CQ@VHMF

import time

BNB[POT < "JSMB  #BSCBSB  &PT
(MZLFSJB  )BOOB  )FMFO
"HBUIBOHFMPT  *PLBTUF
_FEPVTB  4PGSPOJB
"OESPNFEB >

XFIHIUT < MFO BNB[POT for @ in SBOHF MFO BNB[POT >

1ZUIFVTTFT@GBWPSJUFT  \ *PLBTUF -.FEPVTB
4PGSPOJB "OESPNFEB ~

0

DPVOUFS

QSPC
EBZT

GBDUPS
GBDUPS

TUBSU UJINF DMPDL
while QSPC
for J 1n SBOHF O
UIF@DIPTFO@POFT  XFIJHIUFE@TBNQMF@BMUFSOBUJWF BNB[POT XFJ
HIUT
if TFU UIF@DIPTFO@POFT 1ZUIFVTTFT@GBWPSJUFT
DPVOUFS
QSPC DPVOUFS O
DPVOUFS
XFIHIUT< > <Q Q GBDUPS for Q in XFJHIUT< > >
XFIHIUT< > <Q Q GBDUPS for Q in XFJHIUT< > >
XFIHIUT <Y  TVN XFJHIUT for Y in XFJHIUT>

EBZT
QSJOU UJNF DMPDL TUBSU
QSJOU /VNCFS PG EBZT IF IBT UP XBJU EBZT

/VNCFS PG EBZT IF IBT UP XBJU
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4DG U@KTD ENQ SGD MTLADQ NE C@XR CHEEDQR HE M HR MNS K@QFD DMNTFG

AGD ENKKNVHMF HR @ RNKTSHNMR VHSGNTS QNTMC NEE DQONQR 77D VHKK TRD &Q@BSHNM EQNL SGD LLNCTKD EQ@BSHNMR

import time
from fractions import *SBDUJPO

BNB[POT < "JSMB #BSCBSB &PT
(MZLFSJB )BOOB )EMFO
"HBUIBOHFMPT *PLBTUF
-FEPVTB 4PGSPOJB

"OESPNFEB >
XFJHIUT < *"SBDUJPO for @ in SBOHF MFO BNB[POT >
1ZUIFVTTFT@QGBWPSJUFT  \ *PLBTUF -FEPVTB
4PGSPOJB "OESPNFEB ~
SPVOUFS

QSPC "SBDUJPO
EBZT

GBDUPS *SBDUJPO
GBDUPS *SBDUJPO

TUBSU UJINF DMPDL
while QSPC
#print(prob)
for J in SBOHF O
UIF@DIPTFO@POFT  XFJHIUFE@TBNQMF@BMUFSOBUJWF BNB[POT XFJ
HIUT
if TFU UIF@DIPTFO@POFT 1ZUIFVTTFT@GBWPSJUFT
DPVOUFS
QSPC "*SBDUJPO DPVOUFS O
DPVOUFS
XFIHIUT< > <0 Q GBDUPS for Q in XFJHIUT< > >
XFIJHIUT< > <Q Q GBDUPS for Q in XFJHIUT< > >
XFIHIUT <Y TVN XFJHIUT for Y in XFJHIUT>

EBZT
QSJOU UJINF DMPDL TUBSU
QSJOU /VNCFS PG EBZT |IF IBT UP XBJU EBZT
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/VNCFS PG EBZT IF IBT UP XBJU

“7D B@M RDD $G@S SGD RNKTSHNM VHSG EQ@BSHNMR HR AD@TSHETK ATS UDQX RKNV "7 GDQD@R SGD FQD@SDQ OQDBHRHNM CNDRM §
OK@X @ QNKD HM NTQ B@RD

3N E@Q VD G@UDM S TRDC SGD ONVDQ NE - TL.OX 7D VHK CN SGHR HM SGD MDWS HL_OKDL_DMS@SHNM NE NTQ OQNAKDL

import time
Import numpy as np

BNB[POT < "JSMB  #BSCBSB  &PT
(MZLFSJB  )BOOB  )FMFO
"HBUIBOHFMPT  *PLBTUF
_FEPVTB  4PGSPOJB
"OESPNFEB >

XFIHIUT  0Q GVMM MFO BNB[POT

1ZUIFVTTFT@GBWPSJUFT  \ *PLBTUF -.FEPVTB
4PGSPOJB "OESPNFEB ~

0
DPVOUFS

QSPC
EBZT

GBDUPS
GBDUPS

TUBSU UJNF DMPDL
while QSPC
for J in SBOHF O
UIF@DIPTFO@POFT XFIHIUFE@TBNQMF@BMUFSOBUJWF BNB[POT XFJ
HIUT
iT TFU UIF@DIPTFO@POFT 1ZUIFVTTFT@GBWPSJUFT
DPVOUFS
QSPC DPVOUFS 0
DPVOUFS
XFIHIUT< > XFIHIUT< > XFIHIUT< > GBDUPS
XFIHIUT< > XFIHIUT< > XFIHIUT< > GBDUPS
XFIHIUT XFIHIUT 0Q TVN XFJHIUT
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#print(weights)

EBZT
QSJOU UJNF DMPDL TUBSU
QSJOU /VNCFS PG EBZT IF IBT UP XBJU EBZT

/VNCFS PG EBZT IF IBT UP XBJU

FOOTNOTES:

4GD 4)./""% HMCDW NQ 4GD 4)/ "% OQNFQ@L LHVF #NL L TMHSX HMCDW HR  @BBNQCHVF SN SGD VVDARHSD @M HMCHB@SNQ
NE SGD ONOTK@QHSX NE OQNFQ@L_LHVF KGMFT@FDR 4GD HMCDW HR TOC@SDC NMBD @ LLNMSG 4GD Q@SHMFR @D A@RDC NM SGD
MTLADQ NE RIHKDC DMFHMDDQR VVNQKC VHCD BNTQRDR @MC SGHQC O@QSX UDMCNQR ONOTK@Q RD@QBG DMFHMDR RTBG @R
"NNFKD *"HMF 9@GNN 7HJHODCH@ ¥ L.@YNM ONTATAD @MC "*@HCT @QD TRDC SN B@KBTK@SD SGD Q@SHMFR )S HR
HL_ONQS@MS SN MNSD SG@S SGD 4)/**% HMCDW HR MNS @ANTS SGD ADRS OQNFQ@L LHMF K@MFT@FD NQ SGD K@MFT@FD iM VVGHBG
LNRS KHMDR NE BNCD G@UD ADDM \/QHSSDM

) @L SGAMJIETK SN $Q (@MMN **@DGQ VVGN HMSQNCTBDC LD SN SGD OQNAKDL. NE 2@MCNL. DWSQ@BSHNM  \/GDM
O@QSHBHO@SHMF HM @ OXSGNM SQ@HMHMF BNTQRD HM - TQDL_ADQF HM *@MT@QX ((@MMN NTSKHMDC RNL.D AHSR NE SGD
SGDNQDSHB@K EQEL-DVNQJ STQHMF @ MHFGS RDRRHNM HVM @ OTA B@KKDC :=DHS  2@TL DMFKRG 4HLD 30@BD )
HL_OKDL.DMSDC @ BNQQDRONMCHMF OXSGNM OQNFQ@L- SN A@BJ SGD SGDNQDSHB@K RNKTSHNM D LOHQHB@KKX
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SYNTHETICAL TEST DATA WITH

PYTHON

DEFINITION OF SYNTHETICAL DATA

AGDOD HR GAQCKX @MX DMFHMDD) NQ RBHDMSHRS VGN CNDRM § TMCDQRS@MC
SGD MDDC ENQ RXMSGDSHBAK C@S@ @KRN BOKKDC RXMSGDSHB CAs@ **TS
RNLD L.@X G@UD @RIDC SGDLRDKUDR \/G@S CN /D TMCDQRSGMC AX
RXMSGDSHB@K SDRS CAS@  4GDQD @QD KNSR NE RKSTSBSINMR \/GDQD @
RBHDMSHRS NQ @M DMFHMDDQ MDDCR KD@QM NQ SDRS C@S@ ATS HS HR GAQC N
HLLONRRHAKD SN FDS QD@K C@S@ HD @ REL.OKD EQNL. @ ONOTK@SHNM
NASGHMDC AX L.D@RTODL.DMS 4GD S8RJ NQ BGBKKDMFD NE BQD@SHVIF
RXMSGDSHB@K C@S@ BNMRARSR KM OQNCTBHMF C@S@ \/GHBG QDRDLAKDR NQ
BNL.DR PTHSD BXNRD SN SGD HMSDMCDC QDK KHED C@S@ OXSGNM HR @M
HCD@K K@MFT@FD ENQ D@RHX OQNCTBHMF RTBG C@5@ ADB@TRD HS G@R
ONV/DOETK MTLLDQHB@K @MC KAMFTHRSHB ETMBSHNMEKASHDR

3XMSGDSHB C@S@ @QD @KRN MDBDRR@QX SN R@SHREX RODBHEHB MDDCR NQ
BDQS@HM BNMCHSHNMR SG@S L.@X MNS AD ENTMC HM SGD  QD@K KHED  C@S@
TMNSGDQ TRD B@RD NE RXMSGDSHB@K C@5@ HR SN OQNSDBS OQHU@BX NE SGD
C@s@ mppebe

)M NTQ OQDUHNTR BG@OSDQ OXSGNM - TL-OX @MC OONAGAHHSX VD
G@UD \/QHSSDM RNLLD ETMBSHNMR V/GHBG VD VHkK MDDC HM SGD ENKKNVHMF

EHMC>HMSDQU@K
VDHFGSDC>BGNHBD
B@QSDRH@M>BGNHBD
\/DHFGSDC>B@QSDRHAM>BGNHBD
/DHFGSDC>R@LOKD

D D D D

ONT RGNTKC AD EQLHH@Q VHSG SGD V@X NE VNQIHMF NE SGDRD ETMBSHNMR

7D R@UDC SGD ETMBSHNMR M @ LLNCTKD VHG SGD M@L.D AJ>0GMCNL

DEFINITION OF THE SCOPE OF SYNTHETIC DATA CREATION

7D V@MS SN OQNUHCD RNKTSHNMR SN SGD ENKKNVHMF SGRJ
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7D GEUD M EHMHSD RDSR BNMS@HMHMF C@S@ NE UGQHNTR SXODR

$ $ B

4GD RDSR Sy @D SGD C@S@ RDSR EQNL. VVGHBG VD V(@MS SN CDCTBD NTQ RXMSGDSHB@K C@S@
)M SGD @BST@K HLLOKDL_DMS@SHNM SGD RDSR \/HKK AD STOKDR NQ KHRSR ENQ OQ@BSHB@K QD@RNMR

46D OQNBDRR NE BQD@SHMF RXMSGDSHB C@S@ B@M AD CDEHMDC AX SVN ETMBSHNMR  RXMSGDRHYDQ @MC RXMSGDRHYD
SRTEKKX SGD VNQC RXMSGDRHYDQ HR TRDC ENQ @ BNLOTSDQHYDC DKDBSQNMHB CDUHBD VGHBG OQNCTBDR RNTMC /TQ
RXMSGDRHYDQ OQNCTBDR RSQHMFR NQ @KSDQM@SHUDKX STOKDR WHSG C@S@ @R VD VHKK RDD K@SDQ

4GD ETMBSHNM RXMSGDRHYDQ BQD@SDR SGD ETMBSHNM RXMSGDRHYD
RXMSGDRHYD ~ RXMSGDRHYD) $ $ B

AGD ETMBSHNM RXMSGDRHYD ~ VGHBG L.@X @KRN AD @ FDMDQ@SNQ KHID HM NTQ HLLOKDL_DMS@SHNM  S@JIDR MN @QFTL.DMSR @MC
SGD QDRTKS NE @ ETMBSHNM B@KK RXSGDRAYD  VHKK AD

a @KRSNQ@STOIDS C C  Cy \VGDOD CyHR CQAVM @S QAMCNL EONL. By
a N @ RSOHMF \/GHBG BNMS@HMR SGD DKDLDMSRR) C RSO C RS0 Cyv \/GDQD Cy HR @KRN COBV/M @S
QBMCNL EONL. By

, DS TR RS@QS VHSG @ RHLOKD DW@L.OKD 7D G@UD @ KHRS NE EHQRSM@L_DR @MC @ KHRS NE RTQM@L.DR "7D V@MS SN GHQD
DL_OKNXDDR ENQ @M HMRSHSTSD NQ BNL.O@MX /E BNTQRD HS \/HKK AD @ KNS D@RHDQ HM NTQ RXMSGDSHB@K OXSGNM DMUHQNMLDMS

SN EHMC @MC GHQD RODBH@KRSR SG@M HM QD@K KHED 4GD ETMBSHNM  B@QSDRH@M>BGNHBD EQNL- SGD AJ>Q@MCNL. LLNCTKD @MC
SGD BNMB@SDM@SHNM NE SGD Q@MCNLKX CQ@VM EHQRSM@LDR @MC RTQM@L.DR HR @K HS S@IDR

import bk_random

GJSTUOBNFT < +PI0O &WF +BOF 1BVM

"SBOL -BVSB 3PCFSU

,BUISJO 3PHFS 4INPOF

#FSOBSE 4BSBI :WPOOF >
TVSOBNFT < 4JOHFS -JMFT -PPSF

~PPQFS  3BNONBO  $I1PQNBO
ANJMFZ ~ #ZDIBO  4NJUI
#BLFS _JMMFS  $PPL >

OVNCFS@PG@TQFDJIBMITUT

FNQMPZFFT  TFU

while MFO FNQMPZFFT  OVNCFS@PG@TQFDJIBMITUT
FNQMPZFF  CL@SBOEPN DBSUFTJBO@DIPJDF GJSTUOBNFT TVSOBNFT
FNQMPZFFT BEE KPJO FNQMPZFF

QSJOU FNQMPZFFT
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\ -BVSB 4NJUl :WPOOF .JMFT 4BSB1 $PPL +BOF 4NJUI 1BVM
-PPSF +BOF _JMFT +BOF -PPQFS "SBOL 4JOHFS "SBOL .JMF

T +BOF $PPL "SBOL $1PQNBO -BVSB $PPL :WPOOF #ZDIBO
&WF _IMFT 4INPOF $PPL ~

AGHR V@R DERX DMNTFG ATS VD V@MS SN CN HS MNV HM @ LLNQD RSQTBSTQDC V@X TRHMF SGD RXMSGDRAYDQ @OOQN@BG VD
LDMSHNMDC ADENQD 4GD BNCD ENQ SGD B@RD HM VGHBG SGD O@Q@L.DSDQ \DHFGSR HR MNS - NMD HR RSHKK L_HRRHMF HM SGD
ENKKNVHMF HL-OKD L_DMS@SHNM

import bk _random

GJISTUOBNFT < +PIO &WF +BOF 1BVM

"SBOL -BVSB 3PCFSU

,BUISJO 3PHFS 4INPOF

#FSOBSE 4BSBI :WPOOF >
TVSOBNFT < 4JOHFS -JMFT -PPSF

-PPQFS 3BNQNBO $1PQNBO
ANIMFZ #ZDI1BO 4ANJUI
#BLFS - JMMFS $PPL >

def TZOUIFTJ[FS EBUB XFJHIUT None GPSNBU@GVOD None SFQFBUT Tru
e
data 1s a tuple or list of lists or tuples containing the
data
weights 1s a list or tuple of lists or tuples with the
corresponding weights of the data lists or tuples
format_func i1s a reference to a function which defines
how a random result of the creator function will be formated.
IT None, "creator™ will return the list "res".
IT repeats i1s set to True, the results of helper will not be u
nique

def TZOUIFTJ[F
iT not SFQFBUT
NFNPSZ TFU
while True
SFT CL@SBOEPN DBSUFTJBO@DIPJDF EBUB
1T not SFQFBUT
TSFT TUS SFT
whille TSFT in NFNPSZ
SFT CL@SBOEPN DBSUFTJBO@DIPJDF EBUB
TSFT TUS SFT

39 . 44T, 4%34 $141 7)4(094(/ .



NFNPSZ BEE TSFT
1T GPSNBU@GVOD
yield GPSNBU@GVOD SFT
else
yield SFT
return TZOUIFTJ[F

SFDSVJU@FNQMPZFF TZOUIFTJ[FS GJSTUOBNFT TVSOBNFT
GPSNBU@GVOD lambda Y KPJ
oY
SFQFBUT False

FNQMPZFF SFDSVJU@FNQMPZFF
for @ 1n SBOHF
QSJOU OFYU FNQMPZFF

ABSBI #BLFS
"SBOL 4NJMFZ
4INPOF 4ANJMFZ
"SBOL #ZDIBO
ABSBI .PPSF
4INPOF $1PQNBO
"SBOL $1PQNBO
&WF 3BNQNBO
#FSOBSE . JMMFS
4INPOF #ZDIBO
+BOF 4JOHFS
3PHFS 4NJUI
+P10 #BLFS
3PCFSU $PPL
,BUISJO $PPL

%UDQX M@L-D H D EHQRS M@L-D @MC K@RS M@L.D G@C SGD R@L-D KHIDGNNC SN AD CQ@VM HM SGD OQDUHNTR DW@L-OKD 4GHR HR
MNS UDQX QD@KHRSHB ADB@TRD VD VHKK DWODBS HM BNTMSQHDR KHID SGD 53 NQ %MFK@MC M@L-DR KHID 3LHG @MC —HKKDQ SN
NBBTQ L-NQD NESDM SG@M M@L.DR KHJD 2@L.OL@M NQ **XBG@M 7D VKK DWSDMC NTQ RXMSGDRHYDQ ETMBSHNM VHSG
@CCHSHNM@K BNCD ENQ SGD  V/DHFGSDC  B@RD HD VDHFGSR HR MNS - NMD )E VVDHFGSR @QD FHUDM VD VHKK G@UD SN TRD SGD
ETMBSHNM \/DHFGSDC>B@QSDRHAM>BGNHBD EQNL. SGD AJ>Q@MCNL. L.NCTKD )E VDHFGSR HR RDS SN _NMD VD VHK G@UD SN
B@KK SGD ETMBSHNM B@QSDRH@M>BGNHBD 7D OTS SGHR CDBHRHNM HMSN @ CHEEDQDMS RTAETMBSHNM NE RXMSGDRHYDQ SN JDDO SGD
ETMBSHNM RXMSGDRHYD BKD@QDQ

7D CN MNS V@S SN EHCCKD @QNTMC VHSG OQNA@AHKHSDR ADSVDDM  @MC  HM CDEHMAMF SGD VDHFGSR RN VD S@JD SGD
CDSNTQ VHSG HMSDFDQ VGHBG VD MNQL-@KHYD @ESDQV@QCR

from bk_random import DBSUFTJBO@DIPJIDF XFJHIUFE@DBSUFTJBO@DIPJIDF
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XFIHIUFE@QGJISTUOBNFT

>

XFIHIUFE@QTVSOBNFT

GJISTUOBNFT XFJHIUT
XTVN  TVN XFIHIUT
XFIHIUT@GJISTUOBNFT

TVSOBNFT XFIHIUT
XTVN  TVN XFIHIUT
XFIHIUT@TVSOBNFT

XFIHIUT

def TZOUIFTJ[FS EBUB XFJHIUT None GPSNBU@GVOD None SFQFBUT

e

< +PI10
1BVM
3PCFSU
&EHBS

SN\
4INPOF

-WPOOF
<  4JOHFS
AUSPOHNBO
~PPQFS
ANIMFZ
#BLFS
+PZDF
8BHOFS
1VUUOFS
,MFJO

5IMMFS

&WF
"SBOL
;PF
4VTBOOF

%POBME
#FSOBSE

#IMM
_INMFT
3PNFSP
3BNQNBO
#ZDI1BO
- IMMFS
HVTI
AVOEJHPT
" BVMLOFS
+VOHTUFS

8PHOFS

[JQ XFIHIUFE@GJISTUOBNFT

<Y

XTVN for Y

in XFIHIUT>

[JQ XFIHIUFE@TVSOBNFT

<Y

XTVN for Y

in XFIHIUT>

XFIHIUT@GISTUOBNFT XFIHIUT@TVSOBNFT

+BOF
-BVSB
3PHFS
%PSPUIF

*HPS
4BSBI

#FSOE
_PPSF
- JBOH
$1PQNBO
ANJUI
$PPL
A41PSUFS
" JSFO[
#PXNB
8BSOFS

#MVNFOU 1B
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"data" 1s a tuple or list of lists or tuples containing the
data.

"weights™ i1s a list or tuple of lists or tuples with the
corresponding weights of the data lists or tuples.

"format_func” i1s a reference to a function which defines
how a random result of the creator function will be formated.
IT None,the generator 'synthesize™ will yield the list "res™.

IT "repeats"” i1s set to True, the output values yielded by
"synthesize™ will not be unique.

def DIPJDF EBUB XFJHIUT
it XFIJHIUT
return XFJHIUFE@DBSUFTJBO@DIPJDF [JQ EBUB XFJHIUT
else
return DBSUFTJBO@DIPJDF EBUB

def TZOUIFTJ[F
if not SFQFBUT
NFNPSZ TFU
while True
SFT DIPJDF EBUB XFJHIUT
if not SFQFBUT
TSFT TUS SFT
while TSFT in NFNPSZ
SFT DIPJDF EBUB XFJHIUT
TSFT TUS SFT
NFNPSZ BEE TSFT
1T GPSNBU@GVOD
yield GPSNBU@GVOD SFT
else
yield SFT
return TZOUIFTJ[F

SFDSVJU@FNQMPZFF  TZOUIFTJ[FS  GJSTUOBNFT TVSOBNFT
XFIHIUT  XFJHIUT
GPSNBU@GVOD lambda Y KPJO Y
SFQFBUT False

FNQMPZFF SFDSVJUQ@FNQMPZFF
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for @ 1n SBOHF
QSJOU OFYU FNQMPZFF

"SBOL #BLFS
"SBOL 4NJul
&WF 4NJUl
%PSPUIFF #BLFS
+P10 4NJUI
#IMM #VTI

+P10 4VOEJHPT
-BVSB #MVNFOU 1BM
;PF 4NJUI

*HPS #BLFS
#IMM . IMMFS
&WF #BLFS

WINE EXAMPLE

, DSR HL.@FHMD SG@S XNT G@UD SN CDRBQHAD @ CNYDM WHMDR —NRS
OQNA@AKX @ MHBD HL-@FHM@SHNM ENQ L.@MX ATS ) G@UD SN @CLHS SG@S HS
HR MNS ENQ LD 4GD L@HM QD@RNM HR SG@S ) @L- MNS @ VHMD CQHMJDQ

7D BOM VQHSD @ KHSSKD OXSGNM OQNFQ@L. VGHBG VHKK TRD NTQ
RXMSGDRAYD ETMBSHNM SN BQD@SD @TSNL.@HB@KKX RNOGHRSHB@SDC
BOHSHBHRLLR  KHJD SGHR NMD

This wine is light-bodied with a conveniently juicy bouquet
leading to a lingering flamboyant finish!

40X SN EAMC RNLD @CUDQAR KHID RD@LKDRRKX  @RRDQSHUDKX @MC
RNLD @CIDBSHUDR KHID EQTHSX @MC QDEHMDC SN CDRBQHAD SGD

GONL @

)E XNT G@UD CDEHMDC XNTQ KHRSR XNT B@M TRD SGD RXMSGDRHYD
ETMBSHNM

(DQD HR NTQ RNKTSHNM HM B@RD XNT CNM S V@MS SN CN HS NM XNTQ NVM
import bk _random
CPEZ < MJHIU CPEJFE NFEJVN CPEJFE

BEWFSCT < BQQSPQSJIBUFMZ BTTFSUJWFMZ
DPNQFMMJOHMZ DPNQMFUFMZ

GVMM CPEJFE >

BVUIPSJUBUJWFMZ
DPOUJOVBMMZ
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DPOWFOJFOUMZ DSFEJCMZ EJTUJODUJIWFMZ
ESBNBUJDBMMZ EZOBNJDBMMZ FGGJIDJFOUMZ
FOFSHJTUJDBMMZ FOUIVTJBTUJDBMMZ GVOHJCMZ
HMPCBMMZ 1PMJTUJIDMZ JOUFSBDUJWFMZ
JOUSJOTJIDBMMZ NPOPUPOFDUBMMZ PCKFDUJWFMZ
QIPTGMVPSFTDFOUMZ QSPBDUJWFMZ QSPGFTTJPOBMMZ
QSPHSFTTJIWFMZ RVJIDLMZ SBQJEJIPVTMZ

TFBNMFTTMZ TZOFSHJITUJDBMMZ VOJRVFMZ >

OPVO < BSPNB CPVRVFU GMBWPVS >

BSPNBT < BOHVMBS CSJHIU MIOHFSJOH CVUUFSTDPUDI
CVUUFSZ DIPDPMBUF DPNQMFY FBSUI GMBCCZ
GMBNCPZBOU GMFTI1Z GMPXFST GPPE GSJFOEMZ
GSVJIUT HSBTT IFSCT KBNNZ KvVJDz NPDIB
PBLFE SFGJOFE TUSVDUVSFE UJHIU UPBTU
UPBTUZ UPCBDDP VODUVPVT VOPBLFE WBOJMMB
WFMWFUMZ >

FYBNQMF SIJT XJOF JT MIHIU CPEJFE XJul B DPNQMFUFMZ CVUUFSZ
CPVRVFU MFBEJOH UP B MJOHFSJOH GSVJUZ GJOJTI

def EFTDSJCF EBUB
CPEZ BEW BEK OPVO BEK EBUB
GPSNBU@TUS 513T XJOF JT %s XJUl B %s %s %s\nMFBEJOH UP
GPSNBU@TUS B MJOHFSJOH %s GJOJTI
return GPSNBU@TUS CPEZ BEW BEK OPVO BEK

U CL@SBOEPN DBSUFTJBO@DIPJDF CPEZ BEWFSCT BSPNBT OPVO BSPNB
T

EBUB CPEZ BEWFSCT BSPNBT OPVO BSPNBT

TZOUIFTJ[F  TZOUIFTJ[FS EBUB XFJHIUT None GPSNBU@GVOD EFTDSJC
F SFQFBUT True

DSJUJDJTN TZOUIFTJ[F

for J In SBOHF
QSJOU {0:d} XJOF GPSNBU J
QSJOU OFYU DSJUJDJTN
QSJou
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XJOF
S1JT XJOF JT
MFBEJOH UP B

XJOF
S1JT XJOF JT
MFBEJOH UP B

XJOF
5137 XJOF JT
VS
MFBEJOH UP B

XJOF
SI1JT XJOF JT
MFBEJOH UP B

XJOF
S1JT XJOF JT
MFBEJOH UP B

XJOF
513T XJOF JT
MFBEJOH UP B

XJOF
SI1JT XJOF JT
MFBEJOH UP B

XJOF
SI1JT XJOF JT
MFBEJOH UP B

XJOF
SI1JT XJOF JT
MFBEJOH UP B

XJOF
S1JT XJOF JT
MFBEJOH UP B

XJOF
S1JT XJOF JT
MFBEJOH UP B

XJOF

MIHIU CPEJFE XJUl B QSPHSFTTJWFMZ FBSUl CPVRVFU
MJIOHFSJOH DPNQMFY GJOJTI

NFEJVN CPEJFE XJul B FOFSHJTUJDBMMZ VODUVPVT CPVRVFU
MJIOHFSJOH WBOJIMMB GJOJTI

NFEJVN CPEJFE XJul B TZOFSHJTUJDBMMZ GMBNCPZBOU GMBWP

MJIOHFSJOH VOPBLFE GJOJTI

MIHIU CPEJFE XJul B VOJRVFMZ UPBTUZ GMBWPVS
MIOHFSJOH KVJDZ GJOJTI

GVMM CPEJFE XJul B IPMJTUJDMZ GMPXFST GMBWPVS
MJIOHFSJOH UPCBDDP GJOJTI

GVMM CPEJFE XJUul B FOFSHJTUJDBMMZ UPBTUZ GMBWPVS
MJIOHFSJOH DIPDPMBUF GJOJTI

GVMM CPEJFE XJul B QSPBDUJWFMZ UPCBDDP CPVRVFU
MIOHFSJOH WFMWFUMZ GJOJTI

GVMM CPEJFE XJul B BVUIPSJUBUJWFMZ NPDIB BSPNB
MJIOHFSJOH KVJDZ GJOJTI

MIHIU CPEJFE XJUul B EZOBNJDBMMZ WBOJMMB GMBWPVS
MJIOHFSJOH KVJDZ GJOJTI

NFEJVN CPEJFE XJUl B EZOBNJDBMMZ TUSVDUVSFE GMBWPVS
MJIOHFSJOH DPNQMFY GJOJTI

GVMM CPEJFE XJul B EJTUJODUJWFMZ GSVJUT GMBWPVS
MJIOHFSJOH DPNQMFY GJOJTI
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S1JT XJOF JT NFEJVN CPEJFE XJul B DPOWFOJFOUMZ UJHIU BSPNB
MFBEJOH UP B MJOHFSJOH DIPDPMBUF GJOJTI

EXERCISE: INTERNATIONAL DISASTER OPERATION

)S VNTKC AD FNOFDNTR HE SGD OQNAKDL. CDRBGHADC HM SGHR DWDQBHRD
V/NTKC AD OTQDKX RXMSGDSHB # D SGDOD V/NTKC AD MN ETQSGDQ
BOSGRSNOGDR HM SGD \/NQKC #NLOKDSDKX TMQD@KHRSHB ATS @ MHBD
CAXCODAL. 3N SGD S@RJ NE SGHR DWDQBHRD HR SN OQNUHCD RXMSGDSHBAK
SDRS C@S@ ENQ @M HMSDOM@SHNMGK CHR@RSDQ NODQ@SHNM 4GD BNTMSQHDR
SBJHMF 0805 HM SGHR LARRANM LLHFGS AD D F &(@MBD 3V/HSYDOKAMC
"DL.@MX #@MBC@ 4GD - DSGDQKEMCR 4GD SMHSDC 358SDR ¥ TRSGHO
""DKFATL. @MC , TWDLANTOF

7D V@S SN BQD@SD @ EHKD WHSG Q@MCNL. DMSQHDR NE @HCDR %@BG KHMD
RGNTKC BNMRHRS NE

SMHPTD)CDMSHERD) &HQRS - @LD , @RS - @L.D #NTMSQX &HDKC

&NQ DW@L-OKD
+FBO 1BVM 3FOO0JFS *"SBODF .FEJDBM "JE
/BUIBO #MPPNGJFME $BOBEB 4FDVSJUZ "JE
.JDIBFM _.BZFS (FSNBOZ 4PDJBM 8PSLFS

&NQ 00@BSHB@K QD@RNMR VD VHKK QDCTBD SGD BNTMSQHDR SN &Q@MBD )S@kX 3VHSYDQK@MC @MC = DQL-@MX HM SGD ENKKNVHMF
DW@L_OKD HL_OKDL-DMS@SHNM

from bk_random import DBSUFTJBO@DIPJIDF XFJHIUFE@DBSUFTJBO@DIPJDF

DPVOUSJFT < "SBODF 4XJU[FSMBOE (FSNBOZ >

X@GJSTUOBNFT \ "SBODF < .BSJF 5IPNBT
$BNJIMMF /JDPMBT
—cB +VMJIFO
_BOPO 2VFOUJO
$IMPC _BYJNF
~BVSB "MFYBOESF
$MFNFOUJOF (ScHPSZ
ABOESB 11IMIQQF >

AXJU[FSMBOE <  4BSBI )BOT

~BVSB 1FUFS
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.CMJTTB
ODcBOF
/PcNJF
-BVSB
&WB
4BOESB
6STVMB
.POJLB
#SJIHIUUF
4UFGBOJF
.BSJB
(BCSJFMF
/JDPMF
$1SITUIOF
*SBODFTDP
-.BUUJB
-FPOBSEP
(BCSJFMF
5PNNBTP
4PGJB
(JVMIB
""MJIDF

(FSNBOZ <

*UBMZ <

>/\

X@TVSOBNFT \ "SBODF <  .BUJO
$BNIMMF
%VCPIT
%VSBOE
"PVSOJFS
_FSDJFS
_BUIJFV
_VMMFS
AXJU[FSMBOE <  .eMMFS
ADINJE
8FCFS
ADIOFJEFS
AUFJOFS
(FSCFS
#BVNBOO
- INNFSNBOO
_eMMFS
ADIOFJEFS
8FCFS
8BHOFS

(FSNBOZ <

8BMUFS
%BOJFM
3FUP
#SVOP
6SMJ
_BSDFM >
1FUFS
_JDIBFM
5I1PNBT
"OESFBT
8PMGHBOH
_BOGSFE
_BUUIJBT
%JSL >
"MFTTBOESP
~PSFO[P
""OESFB
_BUUFP
3JDDBSEP
"'VSPSB
(JPSHJIB
_BSUJOB

#FSOBSE
/JDPMBT
1FUJU
~FSPZ
~BNCFSU
3PVTTFBV
* POUBJOF
3PCJO >
_FJFS
,FMMFS
)VCFS
_FZFS
*JTDIFS
#SVOOFS
"SFJ
_PTFS
ADINJEU
“JTDIFS
_FZFS
#FDLFS
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ADIVM[ )PGGNBOO

AD1aGFS ,PDI

#BVFS 3JDIUFS

,MFJO ADISEFS >
*UBMZ <  3PTTJ 3VTTP

" FSSBSJ &TQPTJIUP

#JBOD1J 3PNBOP

$PMPNCP 3JDDJ

_BSJOP (SFDDP

#SVOP (BMMP

$POUJ %F -VDB

$PTUB (JPSEBOP

_BODJOJ 3J[[P

—PNCBSEJ _PSFUUP >A

# separate names and weights

TZOUIFTI[F \»

JEFOUJGJIFS

for DPVOUSZ in X@GJSTUOBNFT

GJISTUOBNFT XFJIHIUT [JO X@GJISTUOBNFT<DPVOUSZ>
XTVN TVN XFIHIUT
XFIHIUT@GISTUOBNFT <Y  XTVN for Y in XFJHIUT>

X@GJISTUOBNFT<DPVOUSZ>

TVSOBNFT XFIHIUT

<GJSTUOBNFT XFJHIUT@GJSTUOBNFT>

[JO X@TVSOBNFT<DPVOUSZ>

XTVN TVN XFIHIUT

XFIHIUT@TVSOBNFT <Y  XTVN for Y in XFJHIUT>

X@TVSOBNFT<DPVOUSZ> <TVSOBNFT XFJHIUT@GJSTUOBNFT>

TZOUIFTJ[F<DPVOUSZ>  TZOUIFTJ[FS GJSTUOBNFT TVSOBNFT
XFIHIUT@GISTUOBNFT
XFIHIUT@TVSOBNFT

oY

OBUJPO@QSPC <

QSPGFTTJPO@QSPC

IFMQFST <>

GPSNBU@GVOD lambda Y KPJ
SFQFBUT False

(FSNBOZ

"SBODF

AXJU[FSMBOE

*UBMZ >

< _.FEJDBM "JE
4PDJBM 8PSLFS
4FDVSJUZ "'JE >
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for @ 1n SBOHF
DPVOUSZ XFIHIUFE@DBSUFTJBO@DIPJIDF [JQ OBUJPO@QSPC
QSPGFTTJPO XFIHIUFE@DBSUFTJBO@DIPJIDF [JQ QSPGFTTJPO@QSPC
DPVOUSZ QSPGFTTJPO DPVOUSZ< > QSPGFTTJPO< >
T TZOUIFTJ[F<DPVOUSZ>
VJE {id:05d} GPSNBU JE JEFOUJGJFS
IFMQFST BQQFOE VJE DPVOUSZ OFYU T QSPGFTTJPO
JEFOUJGJFS

QSJOU IFMQFST
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< (FSNBOZ #SJHIJUUF 8BHOFS 4PDJBM 8PSLFS
" SBODF $IMPc _VMMFS .FEJDBM "JE 4XJU[FSMB
OE -BVSB 4UFJOFS .FEJDBM "JE " SBODF -BVSB .
BUJO .FEJDBM "'JE " SBODF -cB "POUBJOF 4PDJB
M 8PSLFS 4XJU[FSMBOE ODcBOF .FZFS 4PDJBM 8PSLF
S " SBODF -cB "PVSOJFS 4PDJBM 8PSLFS
" SBODF -.BSJF .BUJO 4PDJBM 8PSLFS "SBOD
F -BVSB %VSBOE 4FDVSJUzZ "'JE " SBODF -BYINF %
VCPJT 4PDJBM 8PSLFS " SBODF /JIDPMBT .FSDJFS
4PDJBM 8PSLFS *UBMZ -BUUJB (BMMP -FEJDBM "'J
E " SBODF 2VFOUJO -FSPZ 4PDJBM 8PSLFS
(FSNBOZ 8PMGHBOH ,PDI .FEJDBM "JE "SBOD
F .BOPO .BUJO 4PDJBM 8PSLFS 4XJU[FSMBOE .cM
JTTB 4DIOFJEFS 4PDJBM 8PSLFS (FSNBOZ SIPNBT ,P
DI 4PDJBM 8PSLFS (FSNBOZ 8PMGHBOH 4DI1aGFS .
FEJDBM "JE (FSNBOZ 1FUFS 4D1aGFS 4FDVSJUZ "'J
E *UBMZ ""MJIDF $PTUB .FEJDBM "JE
4XJU[FSMBOE ODcBOF 4UFJOFS 4PDJBM 8PSLFS "SBO
DF -BOPO %VSBOE -.FEJDBM "JE 4XJU[FSMBOE %BO
JFM _FJFS 4PDJBM 8PSLFS " SBODF -BVSB "PVSOJF
S 4PDJBM 8PSLFS 4AXJU[FSMBOE %BOJFM 4DI10FJEF
S 4FDVSJUZ "JE (FSNBOZ .BSJIB 8FCFS 4PDJBM 8
PSLFS AXJU[FSMBOE 4BSBI 8FCFS -.FEJDBM "JE
(FSNBOZ 8PMGHBOH 8FCFS 4PDJBM 8PSLFS
(FSNBOZ -JDIBFM *“JTDIFS 4PDJBM 8PSLFS (FS
NBOZ 4UFGBOJF )PGGNBOO 4PDJBM 8PSLFS " SBODF
-BVSB .FSDJFS 4PDJBM 8PSLFS "SBODF /JIDPMBT -F
SPZ 4PDJBM 8PSLFS (FSNBOZ 1FUFS #FDLFS 4PDJ
BM 8PSLFS " SBODF -BYJINF 1FUJU 4PDJBM 8PSLF
S " SBODF -BYINF .BUJO 4FDVSJUZ "'JE
(FSNBOZ AUFGBOJF #FDLFS .FEJDBM "JE "SBOD
F -BVSB 1FUJU 4PDJBM 8PSLFS 4XJU[FSMBOE )BO
T "JTDIFS 4PDJBM 8PSLFS " SBODF /JDPMBT -FSP
Z .FEJDBM "JE " SBODF -cB .BUJO 4PDJBM 8PSLF
S 4XJU[FSMBOE #SVOP “JTDIFS 4PDJBM 8PSLFS
" SBODF +VMIFO %VCPJIT -.FEJDBM "JE "S
BODF "MFYBOESF 1FUJU 4PDJBM 8PSLFS " SBODF $
BNIJMMF $BNJMMF 4PDJBM 8PSLFS " SBODF $BNIMMF 3P
VTTFBV .FEJDBM "'JE " SBODF +VMJIFO -BNCFSU 4P
DJBM 8PSLFS "SBODF -cB %VCPJIT 4PDJBM 8PSLF
S *UBMZ -PSFO[P -BODJOJ 4FDVSJUZz "JE
(FSNBOZ 6STVMB )PGGNBOO 4PDJBM 8PSLFS (FS
NBOZ #SIHIUUF _FZFS .FEJDBM "JE " SBODF 4BOE
SB -BNCFSU 4PDJBM 8PSLFS *UBMZ ""MJIDF 3JL[P
-FEJDBM "JE " SBODF $IMPc /JDPMBT 4PDJBM 8PSLF
S (FSNBOZ (BCSJFMF 4DISdEFS 4PDJBM 8PSLFS
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" SBODF SIPNBT %VSBOE .FEJDBM "'JE "S
BODF -cB %VCPJIT -.FEJDBM "JE " SBODF -BYJINF .
FSDJFS 4PDJBM 8PSLFS (FSNBOZ 1FUFS 4DINJEU
4PDJBM 8PSLFS " SBODF 2VFOUJO %VSBOE 4PDJBM 8P
SLFS "SBODF $BNIMMF 1FUJU 4PDJBM 8PSLFS
4XJU[FSMBOE -BVSB 4DINJE -.FEJDBM "JE *
uBMZ (BCSJFMF -PNCBSEJ 4PDJBM 8PSLFS 4XJU[FSMB
OE 1FUFS .FJFS .FEJDBM "JE 4AXJU[FSMBOE 3FU
P )VCFS .FEJDBM "JE *UBMZ -.BUUFP .BODJOJ -F
EJDBM "JE " SBODF -BSJF 1FUJU 4PDJBM 8PSLFS
(FSNBOZ -BOGSFE )PGGNBOO -FEJDBM "JE
(FSNBOZ #SJIHIUUF 4DINJEU -.FEJDBM "JE "SBO
DF -.BOPO .BUJO .FEJDBM "JE "SBODF /JDPMBT 1
FUJU 4PDJBM 8PSLFS " SBODF -cB 1FUJU 4PDJBM
8PSLFS (FSNBOZ -POJLB 4DIVML 4PDJBM 8PSLFS
*UBMZ -.BUUJB 3J[[P 4PDJBM 8PSLFS *U
BMZ 4PGJB $PMPNCP 4PDJBM 8PSLFS (FSNBOZ -JD
IBFM 4D1aGFS .FEJDBM "'JE (FSNBOZ -BUUIJBT )PGG
NBOO 4PDJBM 8PSLFS (FSNBOZ 8PMGHBOH 4DIOFJEF
S 4PDJBM 8PSLFS " SBODF +VMIFO %VCPJIT 4PDJB
M 8PSLFS (FSNBOZ 1FUFS "JTDIFS 4PDJBM 8PSLF
S " SBODF +VMIFO -FSPZ 4PDJBM 8PSLFS
" SBODF +VMIFO #FSOBSE 4PDJBM 8PSLFS (FSNB
0z -JDIBFM 4DINJEU 4PDJBM 8PSLFS " SBODF -BO
PO #FSOBSE 4PDJBM 8PSLFS 4XJU[FSMBOE )BOT )VCF
S 4FDVSJUZ "'JE (FSNBOZ .POJLB 4DIOFJEFS -FE
JDBM "JE 4XJU[FSMBOE /PcNJF _eMMFS 4FDVSJUzZ "'J
E 4XJU[FSMBOE 4BSB1 (FSCFS -FEJDBM "JE
(FSNBOZ SIPNBT .eMMFS -FEJDBM "JE 4XJUL
FSMBOE 4BSB1 8FCFS .FEJDBM "JE " SBODF -BVS
B 1FUJU -.FEJDBM "'JE 4XJU[FSMBOE 4BSB1 (FSCF
S -.FEJDBM "JE 4XJU[FSMBOE 3FUP 4DINJE -FEJD
BM "JE (FSNBOZ -.POJLB 4DIOFJEFS .FEJDBM "J
E " SBODF 2VFOUJO .BUJO 4PDJBM 8PSLFS
*UBMZ ""VSPSB $PMPNCP 4PDJBM 8PSLFS (FSNBO
Z 6STVMB .FZFS 4PDJBM 8PSLFS (FSNBOZ -BOGSF
E 8FCFS 4PDJBM 8PSLFS *UBMZ (JVMIB "FSSBSJ
.FEJDBM "JE " SBODF SIPNBT .VMMFS 4PDJBM 8PSLF
S 4XJU[FSMBOE %BOJFM 4DI0FJEFS .FEJDBM "'JE
" SBODF -BYJINF $BNJIMMF -.FEJDBM "'JE -
SBODF -BVSB 1FUJU 4PDJBM 8PSLFS (FSNBOZ -BO
GSFE 4DINJEU .FEJDBM "JE *UBMZ .BSUJOB -PNCBSE
J 4PDJBM 8PSLFS 4XJU[FSMBOE 4BSBI #BVNBOO .
FEJDBM "JE 4XJU[FSMBOE #SVOP (FSCFS 4FDVSJUz ™
JE 4XJU[FSMBOE -BVSB .eMMFS 4PDJBM 8PSLFS
(FSNBOZ "OESFBT 8FCFS 4PDJBM 8PSLFS
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4XJU[FSMBOE )BOT "JTDIFS 4PDJBM 8PSLFS 4XIU[F
SMBOE %BOJFM _FZFS 4PDJBM 8PSLFS " SBODF +VM
JFO 3PVTTFBV 4FDVSJUz "JE 4XJU[FSMBOE 3FUP 4Dl
NJE 4PDJBM 8PSLFS 4XJU[FSMBOE 6SMJ 4DIOFJEF
S 4PDJBM 8PSLFS "SBODF (ScHPSZ 3PVTTFBV -FE
JDBM "JE " SBODF -BSJF %VSBOE 4PDJBM 8PSLFS
" SBODF -cB %VSBOE 4PDJBM 8PSLFS "SB
ODF $BNIMMF .BUJO .FEJDBM "'JE (FSNBOZ 8PMGH
BOH 4DIOFJEFS 4PDJBM 8PSLFS " SBODF +VMJIFO .BUJ
0 4PDJBM 8PSLFS " SBODF -.BSJF -FSPZ 4PDJBM 8
PSLFS AXJU[FSMBOE -.CMJTTB #SVOOFS 4FDVSJUzZ "'J
E (FSNBOZ 6STVMB 4DIOFJEFS 4PDJBM 8PSLFS
" SBODF $BNIMMF .FSDJFS 4PDJBM 8PSLFS
"SBODF +VMJIFO $BNJIMMF 4PDJBM 8PSLFS AXJUL
FSMBOE -BVSB 4DINJE .FEJDBM "JE " SBODF $BNJ
MMF %VSBOE 4PDJBM 8PSLFS " SBODF -BSJF $BNJIMM
F .FEJDBM "JE (FSNBOZ -.POJLB 8BHOFS 4PDJBM
8PSLFS *UBMZ (JPSHJIB &TQPTJUP 4FDVSJUZ "'JE
" SBODF $MFNFOUJOF .FSDJFS 4PDJBM 8PSLFS
" SBODF -.BSJF .BUJO 4PDJBM 8PSLFS 4XJU[FSM
BOE /PcNJF #SVOOFS .FEJDBM "JE " SBODF /JDPM
BT -FSPZ 4FDVSJUZ "JE "SBODF $BNIMMF  $BNIMM
F 4PDJBM 8PSLFS (FSNBOZ 8PMGHBOH *"JTDIFS -F
EJDBM "JE (FSNBOZ #SIHIUUF _eMMFS -FEJDBM *'J
E (FSNBOZ 1FUFS 4DIOFJEFS 4PDJBM 8PSLFS
4XJU[FSMBOE -BVSB 4DIOFJEFS .FEJDBM "JE
"SBODF $IMPc 3PVTTFBV 4PDJBM 8PSLFS *UBM
Z "MJIDF %F -VDB -.FEJDBM "JE " SBODF SIPNBT #
FSOBSE 4PDJBM 8PSLFS *UBMZ "SBODFTDP (SFDDP
.FEJDBM "JE 4XJU[FSMBOE 1FUFS "SFJ .FEJDBM "'J
E " SBODF 11IMIQQF .FSDJFS 4FDVSJUZ "JE
(FSNBOZ -POJLB .FZFS 4PDJBM 8PSLFS "SBO
DF "MFYBOESF -BNCFSU -FEJDBM "JE 4XJU[FSMBO
E 4BSB1 #SVOOFS 4FDVSJUZz "'JE (FSNBOZ 8PMGHB
OH 4DIOFJEFS 4PDJBM 8PSLFS (FSNBOZ -.BOGSFE .eM
MFS 4PDJBM 8PSLFS " SBODF -cB %VCPJIT -FEJDB
M "JE AXJU[FSMBOE 3FUP 4DINJE -.FEJDBM "JE
" SBODF -.BOPO -BNCFSU 4PDJBM 8PSLFS
" SBODF $IMPc "PVSOJFS 4PDJBM 8PSLFS " SBODF
(ScHPSZ #FSOBSE 4PDJBM 8PSLFS *UBMZ -.BSUJOB #
SVOP 4PDJBM 8PSLFS " SBODF -BSJF /JDPMBT 4PD
JBM 8PSLFS *UBMZ (JPSHJB 3PNBOP 4PDJBM 8PSLF
S " SBODF SIPNBT .FSDJFS 4FDVSJUZz "JE
(FSNBOZ -.BOGSFE 3JDIUFS 4PDJBM 8PSLFS (FS
NBOZ 8PMGHBOH 4D1aGFS 4PDJBM 8PSLFS (FSNBOZ
1FUFS .eMMFS 4FDVSJUzZz "JE 4XJU[FSMBOE ODcBOF
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-FZFS 4PDJBM 8PSLFS (FSNBOZ -POJLB 4DIOFJEF
S 4PDJBM 8PSLFS " SBODF $IMPc %VCPJT 4PDJBM
8PSLFS (FSNBOZ 1FUFS "JTDIFS 4PDJBM 8PSLFS
(FSNBOZ $1SITUIOF .eMMFS 4PDJBM 8PSLFS
4XJU[FSMBOE 8BMUFS 4UFJOFS 4FDVSJUZ "JE (
FSNBOZ %JISL #BVFS .FEJDBM "JE (FSNBOZ -BUUI
JBT 4DINJEU 4PDJBM 8PSLFS (FSNBOZ "OESFBT 4DI10
FIEFS .FEJDBM "JE *UBMZ (BCSJFMF (SFDDP -FE
JDBM "JE " SBODF -cB .BUJO 4FDVSJUZ "JE
" SBODF /JDPMBT %VCPJT 4PDJBM 8PSLFS 4XJ
U[FSMBOE #SVOP "JTDIFS 4PDJBM 8PSLFS " SBODF
$BNIMMF .BUJO 4PDJBM 8PSLFS 4AXJU[FSMBOE -CMIT
TB ;INNFSNBOO 4PDJBM 8PSLFS (FSNBOZ AUFGBOJF #
FDLFS .FEJDBM "'JE " SBODF -BYINF -FSPZ 4PDJB
M 8PSLFS (FSNBOZ -JDIBFM *"JTDIFS 4FDVSJUZ "'J
E (FSNBOZ AUFGBOJF 4DINJEU -FEJDBM "JE
(FSNBOZ 1FUFS 4DIOFJEFS 4PDJBM 8PSLFS 4
XJU[FSMBOE -BVSB )VCFS 4PDJBM 8PSLFS " SBODF
-BSJF "PVSOJFS -.FEJDBM "JE *UBMZ -FPOBSEP .PS
FUUP 4PDJBM 8PSLFS (FSNBOZ 1FUFS .FZFS 4PDJ
BM 8PSLFS " SBODF "MFYBOESF %VSBOE 4PDJBM 8PSLF
S 4XJU[FSMBOE 8BMUFS .eMMFS 4PDJBM 8PSLFS
" SBODF $IMPc -FSPZ -FEJDBM "JE 4XJU
[FSMBOE 8BMUFS 8FCFS 4PDJBM 8PSLFS 4XJU[FSMBO
E 4BSB1 4UFJOFS 4PDJBM 8PSLFS (FSNBOZ 8PMGH
BOH "JTDIFS 4PDJBM 8PSLFS (FSNBOZ -BUUIJBT #FD
LFS 4FDVSJUZ "'JE (FSNBOZ 6STVMB 4DlaGFS 4PD
JBM 8PSLFS 4XJU[FSMBOE ODcBOF ,FMMFS 4FDVSJUZ
"JE (FSNBOZ #SIHIUUF 3IDIUFS -.FEJDBM "JE
(FSNBOZ 6STVMB .eMMFS .FEJDBM "JE *
UBMZ 5PNNBTP 3J[[P 4PDJBM 8PSLFS 4XJU[FSMBO
E -BSDFM *JTDIFS 4PDJBM 8PSLFS " SBODF -cB 1
FUJU -.FEJDBM "JE " SBODF /JIDPMBT $BNJMMF 4FD
VSJuz "JE >

with PQFO EJTBTUFS@NJTTJIPO UYU X as Gl
Gl XSJUF 3FGFSFODF OVNCFS $PVOUSZ /BNF "VODUJPO\nN
for FM in IFMQFST
Gl XSJUF KPJO FM \n
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NUMPY: BOOLEAN INDEXING

import numpy as np
" 0Q BSSBZ < >

QSJOoU **
< 5SVF "BMTF *"BMTF 5SVF "BMTF "BMT
F>

%UDQX DKDL_DMS NE SGD ¥QQ@X ¥ HR SDRSDC HE KS HR DPT@K SN
4GD QDRTKSR NE SGDRD SDRSR @QD SGD **NNKD@M DKDL-DMSR NE SGD

ODRTIS @008X
ZEBNTQRD KS HR @KRN ONRRHAKD SN BGDBJ NM anC

QSJouU **
< 5SVF "BMTF 5SVF 5SVF 5SVF "BMTF>

)S VNQJR @KRN ENQ GHFGDQ CHL-DMRHNMR

# 0Q BSSBZ << >
< >
< >>

QSJOU #

<< 5SVF 5SVF 5SVF 5SVF>
< 5S8VF 5SVF 5SVF "BMTF>
< 5SVF 5SVF "BMTF "BMTF>>

)S HR @ BNMUDMHDMS V@X SN SGQDRGNKC HL-@FDR

import numpy as np

“  0Q BSSBZ <

< >
< >
< >
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< >

< >

< >

< >

< >

< >

< >

< >

< >

< >

< >

< >>

PR

# BTUZQF 0Q JOU

/T0TS BssBpz << >
< >
< >
< >
< >
< >
< >
< >
< >
< >
< >
< >
< >
< >
< >>

)E XNT G@UD @ BKNRD KNNJ @S SGD OQDUANTR NTSOTS XNT \HKK RDD SG@S HS SGD TOODQ BGRD ¥ HR GHCCDM HM SGD @QQ@x **

FANCY INDEXING

7D VHKK IMCDW @M @QQ@X # HM SGD ENKKNVHMF DW@L-OKD AX TRHMF @ **NNKD@M L.@RJ )S HR B@KKDC E@MBX HMCDWHMF HE
@Q0Q@XR @QD HMCDWDC AX TRHMF ANNKD@M NQ HMSDFDQ @QQ@XR L@RJIR 4GD QDRTKS VHKK AD @ BNOX @MC MNS @ UHDV

)M NTQ MDWS DWELOKD \/D \/Hk TRD SGD **NNKD@M L.@RJ NE NMD Q08X SN RDKDBS SGD BNODRONMCHMF DKDL.DMSR NE
GMNSGDO BQQBX 4GD MDV/ QQBX 2 BNMSEHVR @KK SGD DKDLLDMSR NE # \V/GDOD SGD BNQODRONMCHMF UGKTD NE ¥ IR
A0TD
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$ 0Q BSSBZ < >

0Q BSSBZ < >
3 $<Il >
QSJou 3
< >

INDEXING WITH AN INTEGER ARRAY

M SGD ENKKNVHMF DW@L-OKD VD VHKK HMCDW VHSG @M HMSDFDQ @QQ@X

P<< >>

/TOTS BssBZ < >

JMCHBDR B@M @00D@Q iM DUDQX NQCDQ @MC LTKSHOKD SHL_DR

%6WSQ@BS EQNL SGD @QQ@X MO @QQ0X = \/HSG *"NNKD@M L_@RJHMF @KK SGD MTL.AD(

>

VVGHBG @QD MNS CHUHRHAKD AX

fab]

V/GHBG @QD CHUHRHAKD AX

D

VGHBG @QD CHUHRHAKD AX  @MC

fab]

V/GHBG @QD CHUHRHAKD AX ~ @MC RDS SGDL- SN

import numpy as np
" 0Q BSSBZ < >

EJW lI<'l 3 >
QSJOU &MENFOUT PG ** OPU EJWJTJCMF CZ
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QSJOU EJW

EJW Il<ll 5 >
QSJOU &MFNFOUT PG " EJWJTJICMF CZ
QSJOU EJW

QSJOU &MFNFOUT PG * XI1JDI BSF EJWJTJCMF CZ  BOE
QSJOU "< ™ 3 i >
QSJoU

7

"< 3 >

QSJOU  /FX WBMVFT PG " BGUFS TFUUJOH UIF FMFNFOUT PG *
X1JDI BSF EJWJTJCMF CZ  UP

QSJou ™

&MFNFOUT PG ' OPU EJWITJICMF CZ
< >

&MFNFOUT PG " EJWJITJCMF CZ
< >

&MFNFOUT PG " X1JDI BSF EJWJTJCMF CZ BOE
< >

/FX WBMVFT PG " BGUFS TFUUJOH UIF FMFNFOUT PG ™
X1JD1 BSF EJWJITJICMF CZ UP
< >

NONZERO AND WHERE

4GDQD HR @M MC@QQ@X L.DSGNC B@KKDC MNMYDQN @MC @ MTL.OX L.DSGNC VHSG SGHR M@L.D 4GD SVN ETMBSHNMR @QD
DPTHU@KDMS

&NQ @M MC@QUBX @ ANSG MTL.OX MNMYDQN @ @MC @ MNMYDQN  QDSTQM SGD HMCHBDR NE SGD DKDL.DMSR NE @ SG@S @QD MNM
YDON 4GD HMCHBDR @QD QDSTQMDC @R @ STOKD NE @08XR NMD ENQ D@BG CHLDMRANM NE @ 4GD BNQQDRONMCHMF MNM YDQN
UGKTDR BEM AD NASBHMDC \/SG

B<OVNQZ OPO[FSP B >

Import numpy as np

B 0Q BSSBZ << >
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< >
< >>

QSJOU B OPO[FSP
BSSBZ < > BSSBZ < >

JE XNT V@MS SN FQNTO SGD HMCHBDR AX DKDL.DMS XNT B@M TRD SQ@MRONRD
USBOTQPTF OPO[FSP B

T SVN CHLDMRHNM@K @QQ@X HR QDSTQMDC %UDQX QNV BNQQDRONMCR SN @ MNM YDQN DKDL-DMS

0Q USBOTQPTF B OPO[FSP
/T0TS BggBz <<

VVVYVYVYV

ANNNNNANNAN

46D BNQQDRONMCHMF MNM YDQN U@KTDR B@M AD QDSQHDUDC VHSG

B<B OPO[FSP >
/TOTS gespy < S

46D ETMBSHNM MNMYDQN B@M AD TRDC SN NAS@HM SGD HMCHBDR NE @M @QQ@X \/GDQD @ BNMCHHNM HR 4QTD )M SGD ENKKNVHMF
RBQHOS /D BQD@SD SGD **NNKD@M @QQ@X **

# 0Q BSSBZ << >
< >
< >>

QSJOU #

<< 5SVF 5SVF 58VF 5SVF>
< 5SVF 5SVF 5SVF "BMTF>
< 5SVF 5SVF "BMTF "BMTF>>

MO MNMYDQN ** XHDKCR SGD HMCHBDR NE SGD ** VGDQD SGD BNMCHSHNM HR SQTD

.5—09 "// %1 _).$%8). "



#OKBTK@SD SGD OQHL.D MTL_ADQR ADS\VVDDM ~ @MC AX TREMF @ *"NNKD@M @QQ@X

SNKTSHNM

import numpy as np
JT@QSINF  0Q POFT EUZQF CPPM

# Cross out O and 1 which are not primes:
JT@QSINF< >

# cross out its higher multiples (sieve of Eratosthenes):
ONBY  JOU 0Q TRSU MFO JT@QSJINF
for J in SBOHF ONBY

JT@QSINF< J J> False

QSJOU 0Q OPO[FSP JT@QSJINF
BSSBZ <

RHLHK@Q ETMBSHNMR

a EK@SMNMYDQN

3FUVSO JOEJDFT UIBU BSF OPO [FSP JO UIF GMBUUFOFE WFSTJP
O PG UIF JOQVU
BSSBZ

.5—09 ""//, %1 _).$%8). "



a BNTMS>MNMYDQN

$PVOUT UIF OVNCFS PG OPO [FSP FMENFOUT JO UIF JOQVU BSSB
z
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MATRIX MULTIPLICAION, DOT AND

CROSS PRODUCT

SHRSNQSDC ¥ AGBTR )M SGD OQDUSNTR BG@OSDQ NE NTQ HVSQNCTBSHNM HM . TL.OX /D
GOUD CDLNMRSQ@SDC GNV/ SN BQD@SD @MC BGEMFD ¥ (08XR )M SGHR BGAOSD) VD
\V@MS SN RGNV GNV/ /D B@M ODQENQL. HM OXSGNM VA5G SGD LLNCTKD - TL.OX @K
SGD AGRHB —@SQHW ¥ CHSGLLDSHBR K#JD

D

D=

g

— @SOHW @CCHSHNM

— @SOHW RTASQ@BSHNM

— @SOHW L_TKSHOKHB@SHNM

3B@KA) OQNCTBS

#ONRR OQNCTBS

@MC KNSR NE NSGDQ NODQGSHNMR NM L@SQHBDR

rh

P T G
= Ll

:.: (@'
5 Y Pyt =

D L D D D ©

AGD BOHSGDLSHB RSGMCAQC / ODQASN(R

DD D D

a

@QD @OOKHDC NM SGD DKDL-DMSR SGHR L-D@MR SG@S SGD @QQ@XR GEUD SN G@UD SGD REL-D RHYD

import numpy as np

Y 0Q BSSBZ < >
Z 0Q BSSBZ < >

Y Z

/TO0TS BssBZ < >

Y z

/T0TS BssBz < >

M =

Y z

Y z

/TO0TS BssBZ < >
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Y z
/T0TS Bgspz < >

VECTOR ADDITION AND SUBTRACTION

—(@MX ODNOKD JMNV UDBSNQ @CCHSHNM +
@MC RTASQ@BSHNM EQNL OGXRHBR SN AD
DW@BS EQNL- SGD O@Q@KKDKNFQEL. NE
ENQBDR )SHR @ L.DSGNC ENQ RNKUHMF

NQ URRT@KHYHMF  SGD QDRTKSR NE
@OOKXHMF S\V/N ENQBDR SN @M NAIDBS

AGD @CCHSHNM NE S\/N UDBSNGR HM NTQ -

DW@L.OKD RDD OHBSTOD W @MC X L.@X

AD (DOQDRDMSDC FQBOGHBAKKX AX

OK@BHMF SGD RS@OS NE SGD @QONV/ X @S ' ' ' ' ' ' ' ' >

SGD $HO NE SGD BNV W @MC SGDM

CO@VHMF @M BOQNV/ EQNL SGD RSGQS SGHK NE W SN SGD SHO GDAC NE X 4GD MDV GQQNV CQ@VM QDOQDRDMSR SGD UDBSNQ W
X

Y 0Q BSSBZ < >
Z 0Q BSSBZ < >
[ Y Z

L

/T0TS gsspz < >

3TASQBBSHMF @ UDBSNQ #R SGD RELD @R @CCHVF

HSR MDF@SHUD 3N SGD CHEEDQDMBD NE SGD A
UDBSNQR W @MC X HR DPT@K SN SGD RTL. NE W @MC
X W X W X 3TASQ@BSHNM NE SUN
UDBSNQR B@M AD FDNL.DSOHB@KKX CDEHMDC @R
ENKKNV/R SN RTASQ@BS X EQNL. W \/D OK@BD SGD
DMC ONHMSR NE W @MC X @S SGD RAL.D ONHMS

@MC SGDM CO@V/ @M @QQNV/ EQNL. SGD $HO NE X SN
SGD $HO NE W 4G@S @QQNV QDOQDRDMSR SGD
UDBSNQ W X RDD OHBSTOD NM SGD QHFGS RHCD

—(@SGDL@SHBEKKX VD RTASQ@BS SGD BNQQDRONMCHMF BNL-ONMDMSR NE UDBSNQ X EQNL- SGD UDBSNQ W

SCALAR PRODUCT / DOT PRODUCT

M L@SGDL-@HBR SGD CNS OQNCTBS HR @M @KFDAQEHB NODQ@SHNM SG@S S@IDR SN BNNQCHM@SD UDBSNQR NE DPT@K RHYD @MC
QDSTQMR @ RHMFKD MTLLADQ 4GD QDRTKS HR B@KBTK@SDC AX LTKSHOKXHMF BNQQDRONMCHWF DMSQHDR @MC @CCHMF TO SGNRD
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OQNCTBSR 4GD M@L.D CNS OQNCTBS RSDLR EQNL. SGD E@BS SG@S SGD BDMSDQDC CNS h  HR NESDM TRDC SN CDRHFM@SD SGHR
NODQ@SHINM 4GD M@L.D RB@K@Q OQNCTBS ENBTRRDR NM SGD RB@K@Q M@STQD NE SGD QDRTKS NE SGD QDRTKS

SBDEAMHSHNM NE SGD RB@KGQ OQNCTS
a-b=[a) B cos4(a, B)

"7D B@M RDD EQNL SGD CDEHMHSHNM NE SGD RB@K@Q OQNCTBS SG@S HS B@M AD TRDC SN B@KBTK@SD SGD BNRHMD NE SGD @MFKD
ADSVDDM SVN UDBSNQR

#OKBTK@SHNM NE SGD RB@K@Q OQNCTBS
a-b=ab, +ab,+ac,

SHM@KKX VD V@MS SN CDLNMRSQ@SD GNV SN B@KBTK@SD SGD RB@K@Q OQNCTBS HM OXSGNM

Y 0Q BSSBZ < >
Z 0Q BSSBZ < >
0Q EPU Y Z

/T30TS

EPU 0Q EPU Y Z

Y@NPEVMVT 0Q TRSU Y Y TVN

Z@ANPEVMVT 0Q TRSU Z Z TVN

DPT@BOHMF EPU Y@NPEVMVT Z@NPEVMVT # cosine of angle between
X and y

BOHMF 0OQ BSDDPT DPT@BOHMF

BOHMF

/T30TS

BOHMF 0Q QJ # angle i1n degrees
/TS0TS

M =

EPU 0Q EPU Y Z

Y@NPEVMVT OQ TRSU Y Y TVN

Z@ANPEVMVT OQ TRSU Z Z TVN

DPT@BOHMF EPU Y@NPEVMVT Z@NPEVMVT # cosine of angle betw
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een X and y
BOHMF  OQ BSDDPT DPT@BOHMF
BOHMF

BOHMF 0Q QJ # angle in degrees

MATRIX PRODUCT

4GD L @SQHW OQNCTBS NE SVN L@SQHBDR B@M AD B@BTK@SDC HE SGD MTL_ADQ NE BNKTL-MR NE SGD KDES L-@SQHW HR DPT@K SN

SGD MTL_ADQ NE QNVR NE SGD RDBNMC NQ QHFGS L@SQHw

AGD OONCTBSNE@ KWL L@OW ¥  @uw k1 LOMCEM LWM LOQMW™  Awy L1 MHRE@ LESOHW #
Biy k1 VGHBGHR B@KBTK@SDC KHID SGHR

c,j:zgmbh
k=1

4GD ENKKNVHMF OHBSTQD HKKTRSQ@SDR HS ETQSGDQ

S iﬁ&!

am 342

)E /D \V@MS SN ODOENQL. L@SOHW L TKSHOKHB@SHNM \/HSG SVN MTLLOX @Q08XR MC@QQ@X VD GEUD SN TRD SGD CNS OQNCTBS

Y 0Q BSSBzZ
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Z  0Q NBUSJY
QSJOU 0Q EPU Y Z

<< >
< >>

SIMPLE PRACTICAL APPLICATION FOR MATRIX MULTIPLICATION

)M SGD ENKKNV/HME 0Q@BSHB@K DWAL.OKD \/D BNLD SN S@J GANTS SGD RV/DDS
SGHMFR NE KHED
,DSR @RRTLD SGDQD @QD ENTQ ODNOKD @MC \/D B@KK SGDL. , TBAR —He
,DNM @MC (@VMM@G %@BG NE SGDL G@R ANTFGS BGNBNKBSDR NTS NE @
BGNHBD NE SGQDD 4GD AQ@MC @QD ¥ ** @MC # MNS UDQX L@QIDSGAKD VD
GAUD SN @CL#S ,TBAR ANTFGS  F NE AQENC 1 F NE AQEMC ** @MC
NE# —HOBGNNRD  FNE ¥ FNE'™ GMC  FNE# ,DNM
ANTFGS ~ FNEY  NE'@MC  FNE# (@MMAG @O0@QDMSKX CHCM S
(4D AQGMC ** ADB@TRD RGD GACM S ANTFGS @MX NE SGNRD **TS RGD RGD
RDDLR SN AD @ (D@ EGM NE AQAMC # ADB@TRD RGD ANTFGS  F NE SGDL
&T(SGDQLNQD RGD ANTFGS ~ F NE U

3N VG@SR SGD OQHBD HM %TQN NE SGDRD BGNBNK@SDR ¥ BNRSR 0DQ
F "* BNRSR @MC # NMKX %TON

)E VD G@UD SN B@KBTK@SD GNV L.TBG D@BG NE SGDL GEC SN O@X VD B@M TRD OXSGNM . TL.OX @MC — @SQHW
L TKSHOKHB@SHNM

Import numpy as np

/VN1FSTPOT  0Q BSSBZ << >

< >

< >

< >>
1SIDF@QFS@ @H 0Q BSSBZ < >

1SIDF@JIO@$FOU 0Q EPU /VN1FSTPOT 1SJDF@QFS@ @H
1SJIDF@JO@&VSP 1SJIDF@JOQ@$FOU
1SJIDF@JO@&VSP

/T0TS BssBz < >
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CROSS PRODUCT

,DS R RSNO BNVRTLLAMF CDKHBENTR BGNBNKGSDR @MC BNLD AGBJ
SN @ LLNQD L@SGDL@SHBOX AMC KDRR GHFG BEKNCHD SNOKB # D $GD
BONRR OQNCTBS

AGD BQNRR OQNCTBS NQ UDBSNQ OQNCTBS HR @ AHM@QX NODOGSHNM
NM S\VN UDBSNCR HM SGODD CHL-DMRHNM@K ROGBD 4GD (DRTKS iR @
UDBSNQ \/GHBG HR ODQODMCHBTK@Q SN SGD UDBSNQR ADHMF

L TKSHOKADC @MC MNQL.@K SN SGD OK@MD BNMSEHVHMF SGDL

46D BQNRR OQNCTBS NE SVVN UDBSNQR @ @MC A HR CDMNSDC AX @ g
A

)SR CDEHMDC @R

3 =B = [d| |B| sinAdE. B)Y ||

\/GDOD M #R @ TMHS UDBSNQ ODQODMCHBTK@Q SN SGD OK@MD
BNMS@HVEMF @ @VC A HM SGD CHODBSHNM FHUDM AX SGD QHFGS GEMC
QTHD

)E DHSGDO NE SGD UDBSNOR ADHMF L TKSHOKHDC HR YDON NQ SGD
UDBSNQR @QD O@Q@KKDK SGDM SGDH) BQNRR OQNCTBS HR YDQN —NQD
FDMDQ@KKX SGD L.@FMKSTCD NE SGD OONCTBS DPT@KR SGD @0D@ NE
@ OBQOXKDKNFQ@L \/KSG SGD UDBSNQR @R RHCDR )E SGD UDBSNQR @QD
ODQODMCHBTK@Q SGD O@QGKKDKNFQGL. HR @ ODBSAMFKD @MC SGD

L. @FMHSTCD NE SGD OQNCTBS HR SGD OQNCTBS NE SGDH) KDMFSGR

Y 0Q BSSBZ < >
Z 0Q BSSBZ < >

0Q DSPTT Y Z
/T0TS Bsspz < >

0Q DSPTT Z Y
/T0TS BssBz < >

axb
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READING AND WRITING DATA

FILES

AGDQD @QD KNSR NE \V/@XR ENQ QDACHMF EQNL. EHKD @MC \V/QHSIMF SN Cas@
EFKDR HM MTL.OX 7D \/HK CHRBTRR SGD CHEEDQDMS \V@XR GMC
BNQQDRONMCHMF ETMBSHNMR HM SGHR BG@OSDO

R@UDSWS
KN@CSWS
SNEHKD
EQNLEHKD
RAUD

KN@C
FDMEQN LLSWS

D O ® D DD D D

SAVING TEXTFILES WITH SAVETXT
4GD EHQRS SN ETMBSHNMR VD VHKK BNUDQ @QD RGUDSWS @MC KN@CSWS

)M SGD ENKKNVHMF RHL_OKD DW@L-OKD \/D CDEHMD @M @QQ@X W @MC RAUD HS @R @ SDWSEHKD \W/HSG RAUDSWS

import numpy as np

Y 0Q BSSBZ << >
< >
< >>  0Q Jou

0Q TBWFUYU UFTU UYU Y

AGD EHD SDRS SWS HR @ SDWSEHKD @MC HSR BNMSDMS KNNJR KHID SGHR
CFSOE!BOESPNFEB _ %SPQCPY OPUFCPPLT OVNQZ NPSF UFTU UYU

F F
F

F F
F

F F
F

1 5SDMSHNM - 4GD @ANUD NTSOTS G@R ADDM BQD@SDC NM SGD , HMTW BNLL.@MC OQNL-OS
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)SR @KRN ONRRHAKD SN OQHMS SGD @QQ@X HM @ RODBHEK ENQL-@S KHID ENQ DW@L-OKD WHSG SGQDD CDBHL-@ OK@BDR NQ @R
HMSDFDQR V/GHBG @QD OQDBDCDC VHSG KD@CHMF AK@MJR HE SGD MTL_ADQ NE CHFHSR HR KDRR SG@M  CHFHSR &NQ SGHR OTQONRD
VD @RRHFM @ ENQL-@S RSQHMF SN SGD SGHQC 0@Q@L-DSDQ EL.S 7D R@V HM NTQ EHQRS DW@L-OKD SG@S SGD CDE@TKS CDKHL-DSDQ HR
@ AKGMJ 7D B@M BGEMFD SGHR ADG@UHNTQ AX @RRHFMHMF @ RSQHMF SN SGD O@Q@L-DSDQ CDKHL-HSDQ )M L_NRS BERDR SGHR
RSQHMF WHKK BNMRHRS RNKDKX NE @ RHMFKD BG@Q@BSDQ ATS HS B@M AD @ RDPTDMBD NE BG@Q@BSDQ KHID @ RLHKDX @R \/DKK

0Q TBWFUYU UFTU UYU Y GNU %2.3F  EFMINJUFS
0Q TBWFUYU UFTU UYU Y GNU %04d EFMINJUFS

46D MDVKX BQD@SDC EHKDR KNNJ KHID SGHR
CFSOEIBOESPNFEB _ %SPQCPY OPUFCPPLT OVNQZ NPSF UFTU UYU

CFSOE!BOESPNFEB _ %SPQCPY OPUFCPPLT OVNQZ NPSF UFTU UYU

46D BNLOKDSD RXMS@W NE R@UDSWS KNNJR KHID SGHR

TBWFUYU GOBNF 9 GNU F EFMINJUFS OFXMJOF =0 1FBEF
S GPPUFS DPNNFOUT
Parameter Meaning
8 @00@X>kHID $@S@ SN AD RGUDC SN @ SDWS EHKD

RSQ NQ RDPTDMBD NE RSQR NOSHNM@K
T RiMFKD ENQL-@S E @RDPTDMBD NE ENQL-@R NQ @ L-TKSH ENQL-@S RSQHMF D F )SDQ@SHNM  C E HM VGHBG
BERD CDKHL_HSDQ HR HFMNQDC &NQ BNL.OKDW 8 SGD KDF@K NOSHNMR ENQ EL-S @QD

ELS @ @ RHMFKD RODBHERDQ ELS D QDRTKSHMF HM MTLADQR ENQL@SSDC KHID

A @ ETKK RSQHMF RODBHEXHMF DUDQX QD@ @MC HL-@FHM@QX 0@QsS D F D | D | D

R R ELS ELS
I ENQ BNKTLMR

B @ KRS NE RODBHEHDOR NMD ODQ BNKTLLM KM SGHR BGRD SGD QD@ GMC HL.@FHMAQX 0@QS LTRS GAUD RDO@Q@SD RODBHEKDOR D F

D DI D DI = ENQ BNKTLMR

CDKHLHSDQ T RSQIMF TRDC ENQ RDO@Q@SHMF SGD BNKTLMR
MDV/KHMD TRSIMF DF <M <M NQ <M VGHBG VHkk DMC @ KHMD HMRSD@C NE SGD CDE@TKS KHMD DMCHMF
GD@CDY 1 3SQHMF SG@S \VHKK AD \/QHSSDM @S SGD ADFHMMHMF NE SGD EHKD
ENNSDQ 1 3S0HMF SG@S \WHKK AD \/QHSSDM @S SGD DMC NE SGD EHKD
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Parameter Meaning

BNL LDVSR 1 350HMF SG@S \/HKK AD OQDODMCDC SN SGD GD@CDQ @MC ENNSDQ RSQHMFR SN L.@QJ SGDL @R BNLLL.DMSR 4GD G@RG S@F R
TRDC @R SGD CDE@TKS

LOADING TEXTFILES WITH LOADTXT

7D VHKK QD@C KM MNV SGD EHKD  SDRS WS V/GHBG VD G@UD VQHSSDM HM NTQ OQDUHNTR RTABG@OSDQ

Z 0Q MPBEUYU UFTU UYU

QSJOU Z

<< >
< >
< >>

Z 0Q MPBEUYU UFTU UYU EFMINJUFS

QSJOU Z

<< >
< >
< >>

- NSGHMF MDV HE /D QD@C HM NTQ SDWS HM VGHBG VD TRDC @ RLHDX SN RDO@Q@SNQ

Z 0Q MPBEUYU UFTU UYU EFMINJUFS

QSJOU Z

<< >
< >
< >>

)SR @KRN ONRRHAKD SN BGNNRD SGD BNKTLMR AX HMCDW

Z 0Q MPBEUYU UFTU UYU  EFMJNJUFS VTFDPMT
QSJoU Z
<< >

< >

< >>
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7D VHK QD@C HM NTQ MDWS DW@L_OKD SGD EHKD  SHL.DR>@MC>SDL_ODQ@STQDR SWS \V/GHBG VD G@UD BQD@SDC HM NTQ BG@OSDQ
NM = DMDO@SNOR NE NTQ OXSGNM STSNQH@K %UDQX KHMD BNMS@HMR @ SHL.D HM SGD ENQL.@S GG LL RR @MC Q@MCNL
SDL-ODQ@STQDR ADS\VDDM @mC CDFQDDR 7D G@UD SN BNMUDQS SGD SHL-D RSQHMF HMSN EXN@S MTLLADQR 4GD SHL.D
VHKK AD HM L_HMTSDR VHSG RDBNMCR HM SGD GTMCQDC 7D CDEHMD EHQRS @ ETMBSHNM VGHBG BNMUDQSR GG L.L. RR HMSN

LHVTSDR

def UINF GMPBU@NJOVUFT UJNF
1T UZQF UJINF CZUFT
UJINF UJINF EFDPEF
U UINF TOMJU
NJOVUFT  GMPBU U< > GMPBU U< > GMPBU U< >

return NJOVUFT

for U iIn < >
QSJOU UJNF GMPBU@NJOVUFT U

ONT LHFGS G@UD MNSHBDC SG@S VD BGDBJ SGD SXOD NE SHL_D ENQ AHM@QX 4GD QD@RNM ENQ SGHR HR SGD TRD NE NTQ ETMBSHNM

SHLD EKN@S>L_HMTSDR HM KN@CSWS M SGD ENKKNVHMF DW@L-OKD 4GD JDXVNQC 0@Q@L-DSDQ BNMUDQSDQR BNMS@HMR @
CHBSHNM@QX \/GHBG B@M GNKC @ ETMBSHNM ENQ @ BNKTLLM SGD JDX NE SGD BNKTL-M BNQQDRONMCR SN SGD JDX NE SGD
CHBSHNM@QX SN BNMUDQS SGD RSQHMF C@S@ NE SGHR BNKT LM HVSN @ EKN@S 4GD RSQHMF C@S@ HR @ AXSD RSQHMF  4G@S HR VGX
VD G@C SN SQ@MREDQ HS HMSN @ @ TMHBNCD RSQHMF HM NTQ ETMBSHNM

Z 0Q MPBEUYU UJNFT@BOE@QUFNQFSBUVSFT UYU
DPOWFSUFST \ UINF GMPBU@NJOVUFT#

QSJOU Z
<< >
< >
< >
< >
< >
< >>
# delimiter = ;" , # 1.e. use ";" as delimiter instead of whitesp
ace
TOFILE
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SNEHKD #R @ ETMBSHNM SN \V/QHSD SGD BNMSDMS NE @M Q08X SN @ EHKD ANSG HM AWMAQX \/GHBG R SGD CDEGTKS @MC SDWS ENQL.@S
" UPGIMF GJE TFQ GPSNBU T
AGD COS@ NE SGD ¥ MC@QUX KR @KVOXR \/QHSSDM KM # NQCDQ QDF@QCKDRR NE SGD NQCDQ NE ¥

4GD C@S@ EHKD VQHSSDM AX SGHR L.DSGNC B@M AD QDKN@CDC VHSG SGD ETMBSHNM GSPNGJIMF

Parameter Meaning

EHC B@M AD DHSGDQ @M NODM EHD NAIDBS NQ @ RSQHMF BNMS@HMHMF @ EHDM@L.D

RDO 4GD RSQMF RDO CDEHMDR SGD RDO@Q@SNQ ADSVDDM @QQ@X HSDLR ENQ SDWS NTSOTS )EHSHR DLLOSX @ AHM@QX EHKD HR \/QHSSDM
DPTHU@KDMS SN EHKD \V/QHSD @ SNRSQHMF

ENQL 65 &NQL-@S RSQHMF ENQ SDWS EHKD NTSOTS %@BG DMSQX HM SGD @QQ@X HR ENQL-@SSDC SN SDWS AX EHQRS BNMUDQSHMF HS SN SGD BKNRDRS
OXSGNM SXOD @MC SGDM TRHMF ENQL.@S ~ HSDL

Remark:

JMENQL-@SHNM NM DMCH@MMDRR @MC OQDBHRHNM HR KNRS 4GDQDENQD HS L.@X MNS AD @ FNNC HCD@ SN TRD SGD ETMBSHNM SN
@QBGHUD C@S@ NQ SQ@MRONQS C@S@ ADSVDDM L-@BGHMDR VHSG CHEEDQDMS DMCH@MMDRR 3NL-D NE SGDRD OQNAKDL-R B@M AD
NUDQBNL.D AX NTSOTSSHMF SGD C@S@ @R SDWS EHKDR @S SGD DWODMRD NE RODDC @MC EHKD RHYD

EU 0Q EUZQF < UJNF < NJO JOu TFD Jou >
UFNQ GMPBU >

Y 0Q [FSPT EUZQF EU

Y< UJINF >< NJO >

Y< UFNQ >

QSJOU Y

Gl PQFO UFTU UYU CX
Y UPGIMF Gl

< >

FROMFILE

GSPNGJMF SN (DGC HM C@S@ \/GHBG G@R ADDM \/QHSSDM \/KSG SGD UPGJIMF ETMBSINM )S R ONRRHAKD SN QDGC AHM@QX
C@S® HE SGD CASA SXOD KR IMNV/M )SR @KRN ONRRHAKD SN O@QRD RAL-OKX ENQL.@SSDC SDWS EXDR 4GD C@S@ EQNL. SGD EHD iR
STQMDC HVSN @M @008X
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4GD FDMDQ@K RXMS@W KNNJR KHID SGHR

OVNQZ GSPNGJIMF GJIMF EUZQF GMPBU DPVOU TFQ
Parameter Meaning
EHKD EHKD B@M AD DHSGDQ @ EHKD NAIDBS NQ SGD M@L.D NE SGD EHKD SN QDAC

CSXOD CDEHMDR SGD C@S@ SXOD NE SGD @QQ@X \VGHBG \HiK AD BNMRSQTBSDC EQNL- SGD EHKD C@S@ &NQ AHM@QX ERKDR HS HR TRDC SN
CDSDQL-HMD SGD RHYD @MC AXSD NQCDQ NE SGD HSDLR HM SGD EHD

BNTMS CDEHMDR SGD MTLADQ NE HSDL.R \V/GHBG VHK AD QD@C ~ L.D@MR @Kk HSDLR VK AD QD@C

AGD RSOMMF RDO' CDEHVDR SGD RDO@QASNQ ADSV/DDM SGD HSDLR HE SGD EHKD HR @ SDWS EHD )E #S HR DLLOSX  SGD EHKD \V/Hkk AD
RDO SQD@SDC @R @ AHM@QX EHD ¥ ROGBD  HM @ RDO@QBSNQ L@SBGDR YDON NQ LLNQD \/GHSDRO@BD BG@OEBSDGR ¥ RDOGQASNG
BNMRHRSHMF RNKDKX NE ROGBDR G@R SN L@SBG @S KD@RS NMD \/GHSDRO@BD

Gl PQFO UFTU UYU SC

0Q GSPNGJMF GI EUZQF EU

/0TS BssBz < F

F

F

F
F
F
F
F >

EUZQF < UJNF < NJO J TFD J > UF
NQ G >

Import numpy as np
import os

# platform dependent: difference between Linux and Windows
#data = np.arange(50, dtype=np.int)

EBUB 0Q BSBOHF EUZQF 0OQ JOU
EBUB UPGJMF UFTU UYU

Gl PQFO UFTU UYU SC
# 4 * 32 = 128
Gl TFFL PT 4&&,04&5
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Y  0Q GSPNGJMF GI EUZQF 0Q JOU
QSJOU Y

< >

Attention:

)S BAM B@TRD OQNAKDLR SN TRD UPGJMF @MC GSPNGJMF ENQ C@S@ RSNQ@FD ADB@TRD SGD AHM@QX EHKDR FDMDQ@SDC
@QD MNS OK@SENQL- AMCDODMCDMS 4GDQD HR MN AXSD NQCDQ NQ C@5@ SXOD HMENQL-@SHNM R@UDC AX UPGJIMF  $@S@ BEM
AD RSNQDC HM SGD OK@SENQL- HMCDODMCDMS MOX ENQL-@S TRHMF R@UD @MC KN@C HVRSD@C

BEST PRACTICE TO LOAD AND SAVE DATA

4GD QDBNL.L.DMCDC V@X SN RSNQD @MC KN@C C@S@ VHSG - TL.OX HM OXSGNM BNMRHRSR HM TRHMF KNG@C @MC RGUD 7D @KRN
TRD @ SDL_ONQ@QX EHKD HM SGD ENKKNVHMF

import numpy as np

QSJou Y

from tempfile import 5FNQPSBSZ*JIMF
PVUGIMF  5FNQPSBSZ* JMF

Y  0Q BSBOHF
0Q TBWF PVUGJIMF Y

PVUGIMF TFFL # Only needed here to simulate closing & reopenin
g file
0Q MPBE PVUGJMF

< >

/T0TS gsspz < S

AND YET ANOTHER WAY: GENFROMTXT
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4GDQD HR XDS @GMNSGDQ V@X SN QD@C SGATK@Q HMOTS EQNL. EHKD SN BQD@SD @QQ@XR ¥R SGD M@L-D HL-OKHDR SGD HMOTS EHKD HR
RTOONRDC SN AD @ SDWS EHKD 4GD SDWS EHKD B@M AD HM SGD ENQL. NE @M @QBGHUD EHKD @R V/DKK FDMEQNL-SWS B@M OQNBDRR SGD
@QBGHUD ENQL_@SR FYHO @MC AYHO ~ 4GD SXOD NE SGD @QBGHUD HR CDSDQL_HMDC AX SGD DWSDMRHNM NE SGD EHKD HD  FY ENQ
FYHO @MC AY  ENQ @M AYHO

FDMEQNLLSWS HR RKN\V/DQ SG@M KN@CSWS ATS HS HR BAO@AKD NE BNOHMF VHSG LHRRHMF C@S@ )S OQNBDRRDR SGD EHKD C@S@ HM SVN

O@RRDR  ¥§ EHQRS HS BNMUDQSR SGD KHMDR NE SGD EHKD HMSN RSQHMFR  4GDQDTONM HS BNMUDQSR SGD RSQHMFR HMSN SGD QDPTDRSDC
C@S@ SXOD KN@CSWS NM SGD NSGDQ GAMC VNQJR HM NMD FN \/GHBG HR SGD QD@RNM \V/GX HS HR E@RSDQ

RECFROMCSV(FNAME, *KWARGS)
AGHR HR MNS QDE@KKX @MNSGDQ V@X SN QD@C HV BRU C@S@ (QDBEQNL-BRU A@RHBEKKX @ RGNQSBTS ENQ
MO FDMEQNLSWS EHDM@L-D CDKHL_HSDQ CSXOD - NMD
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OVERVIEW OF MATPLOTLIB

INTRODUCTION

— (@SOKNSKHA HR @ OKNSSHMF KHAQ@QX KHID = . SOKNS 4GD L@HM
@CU@MS@FD SNV@QCR = . SOKNS HR SGD E@BS SG@S — @SOKNSKHA HR @
OXSGNM LLNCTKD $TD SN SGD FQNVHMF HVMSDQDRS HM OXSGNM SGD
ONOTK@QHSX NE L@SOKNSKHA HR BNMSHMT@KKX QHRHMF @R \/DKK

TMNSGDQ QDARNM ENQ SGD @SSQ@BSHUDMDRR NE — @SOKNSKHA KHDR HM SGD
E@BS SG@S HS HR \WHCDKX BNMRHCDQDC SN AD @ ODQEDBS @KSDQM@SHUD SN

— 14, 1" HEHSHR TRDC HM BNLAHM@SHNM VHSG - TL.OX @MC 3BHOX
7GDQD@R — ¥4, 1"" HR DWODMRHUD @MC BKNRDC RNTQBD — @SOKNSKHA
HR EQDD @MC NODM RNTQBD BNCD )$ HR @kRN NAIDBS NQHDMSDC @MC B@M
AD TRDC HM @M NAIDBS NQHDMSDC V@X &TQSGDQLNQD HS B@M AD TRDC
VHSG FDMDQ@K OTQONRD = S) SNNKJHSR KHID VWOXSGNM 1S @MC
"4+ A4GDQ HR @KRN @ OQNBDCTQ@K OXK@A \VGHBG CDRHFMDC SN
BKNRDKX QDRDL_AKD SG@S NE — ¥4, 1** 4GHR B@M L.@JD HS DWSQDLDKX
DERX ENQ — ¥4, 1"* TRDQR SN LLHFQ@SD SN L@SOKNSKHA

— @SOKNSKHA B@M AD TRDC SN BOD@SD OTAKHBESHNM PTEKHSX EHFTQDR HM @
UGQHDSX NE GBQCBNOX ENQL.@SR @MC HMSDQ@BSHUD DMUKQNMLDMSR @BQNRR ™
OKBSENQLR

¥ MINSGDQ BG@Q@BSDOHRSHB NE L@SOKNSKHA HR HSR RSDDO KD@OMAMF BTQUD V/GHBG LLD@MR SG@S TRDOR TRT@KKX L.GJD Q@OHC
OQNFQDRR @ESD) GAUHMF RSBQSDC 4GD NEEHBHBHAK \V/DARKSD G@R SN REX SGD ENKKNV/KMF GANTS SGHR L @SOKNSKHA SQHDR SN
L.@JD D@RX SGHMFR D@RX @MC G@QC SGHMFR ONRRHAKD ONT BEM FDMDQ@SD OKNSR GHRSNFQALR ONV/DQ RODBSQ@ A@Q BGAQSR
DQONOBG@QSR RB@SSDQOKNSR DSB \/HSG ITRS @ EDV/ KHMDR NE BNCD

A FIRST EXAMPLE: LINE PLOT

7D VHK RS@QS VHSG @ RHLOKD FQ@OG VGHBG HR @R RHL-OKD @R RHL-OKD B@M AD ¥ FQ@OG HM L.@SOKNSKHA HR @ SVN NQ
5GQDD CHL-DMRHNM@K CQ@VHMF RGNVHMF @ QDK@SHNMRGHO AX L.D@MR NE ONHMSR @ BTQUD NQ @L-NMFRS NSGDQR @ RDQHDR NE
AGQR 7D G@UD SVN @WHR 4GD GNQHYNMS@K 8 @WHR HR QDOQDRDMSHMF SGD HMCDODMCDMS U@KTDR @MC SGD UDQSHBEK © @WHR
BNQQDRONMCR SN SGD CDODMCDC U@KTDR

7D VHk TRD SGD OXOKNS RTALLNCTKD NE L@SOKNSKHA OXOKNS OQNUKCDR @ OQNBDCTO@K HMSDQE@BD SN SGD NAIDBS NOHDMSDC
OKNSSHMF KHAQBOX NE L_@SOKNSKHA

)SR OKNSSHMF BNL.L.@MCR @QD BGNRDM M @ \/@X SG@S SGDX @QD RHLHK@Q SN — @SKGA ANSG HM MBLHMF @MC \/KSG SGD
QFTL.DVSR
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)R HR BNL.L_.NM OQ@BSHBD SN QDM@L-D L-@SOKNSKHA OXOKNS SN OKS "7D VKKK TRD SGD OKNS ETMBSHNM NE OXOKNS HM NTQ EHQRS
DW@L-OKD 7D VHKK OGRR @ KHRS NE UGKTDR SN SGD OKNS ETMBSHNM OKNS S@JDR SGDRD @R O UGKTDR 4GD HMCHBDR NE SGD KHRS
@QD @TSNL@SHB@KKX S@IDM @R SGD 8 UGKTDR 4GD BNLL@MC NBUQMPUMJC JOMJOF L.@JDR NMKX RDMRD HE XNT

VNQJ VHSG )OXSGNM - NSDANNJ )S L.@JDR RTQD SG@S SGD FQ@OGR VHkK AD CDOHBSDC HMRHCD NE SGD CNBTL.DMS @MC MNS @R
HMCDODMCDMS VHMCNV/R

import matplotlib.pyplot as plt

QMU QMPU < >
QMU TIPX

7 G@S VD RDD HR @ BNMSHMTNTR FQ@OG DUDM SGNTFG VD OQNUHCDC CHRBQDSD C@5@ ENQ SGD © U@KTDR "*X @CCHMF @
ENQL-@S RSQHMF SN SGD ETMBSHNM B@KK NE OKNS VD B@M BQD@SD @ FQ@OG VHSG CHRBQDSD UGKTDR HM NTQ B@RD AKTD BHQBKD
L@QJDQR 4GD ENQL-@5 RSQAMF CDEHMDR SGD V@X GNV SGD CHRBQDSD ONHMSR G@UD SN AD QDMCDQDC

import matplotlib.pyplot as plt

QMU QMPU < > PC
QMU TIPX
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7HG NMKX @ KHSSKD AHS NE iMOTS VD VDQD B@O@AKD HM SGD OQDUHNTR DW@L_OKDR SN BQD@SD OKNSR 9DS SGD OKNSR LHRRDC
RNL.D HMENQL-@SHNM SRT@KKX VD VNTKC KHID SN FHUD @ ME@LD SN SGD W @MC X U@KTDR &TQSGDQLNQD SGD VGNKD
FQ@OG RGNTKC G@UD @ SHSKD 7D CDL-NMRS@SD SGHR M SGD ENKKNVHMF DW@L-OKD

import matplotlib.pyplot as plt

EBZT  SBOHF
DFMTIVT@WBMVFT < >

GJH BY QMU TVCQMPUT
BY QMPU EBZT DFMTJVT@WBMVFT
BY TFU YMBCFM %BZ
ZMBCFM  5FNQFSBUVSF JO $FMTJIVT
UJUMF  5FNQFSBUVSF (SBQI

QMU TIPX

/6%26)%7 /& —140,/74,)"



Temperature Graph

‘Emperature in Celsius
B M

%

Day

MULTIPLE PLOTS IN ONE GRAPH

7D RAV 5G@S SGD QMPU ETMBSHNM HR MDDCDC SN OKNS @ ERFTQD NQ ADSSDQ SGD EHFTQDR ADB@TRD SGDQD L.@X AD LLNQD

SG@M NMD

“7D B@M RODBHEX @M @QAHQ@QX MTLLADQ NEW X EL.S FQNTOR HM @ NMD OKNS ETMBSHNM "7D VKK DWSDMC NTQ OQDUHNTR
SDL.ODQ@STQD DW@L-OKD SN CDL-NMRSQ@SD SGHR "7’D OQNUHCD SVN KHRSR VHSG SDL.ODQ@STQD U@KTDR NMD ENQ SGD LAMHL-TL

@MC NMD ENQ SGD L.@WHL-TL. U@KTDR

import matplotlib.pyplot as plt

EBZT  MJTU SBOHF
DFMTJIVT@NJO <
DFMTJIVT@NBY <

GJH BY QMU TVCQMPUT

BY TFU YMBCFM %BZ
ZMBCFM 5FNQFSBUVSF JO $FMTJIVT
UJUMF 5FNQFSBUVSF (SBQI

BY QMPU EBZT DFMTJVT@NJO
EBZT DFMTJVT@NJO PZ
EBZT DFMTJVT@NBY
EBZT DFMTJVT@NBY PS

QMU TIPX
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Temperature Graph
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315
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‘Emperature in Celsius
L ]

7D BNTKC G@UD TRDC ENTQ OKNS B@KKR HM SGD OQDUHNTR BNCD HMRSD@C NE NMD DUDM SGNTFG SGHR HR MNS UDQX @SSQ@BSHUD

import matplotlib.pyplot as plt

EBZT MJITU SBOHF
DFMTJIVT@NJO < >
DFEMTJVT@NBY < >

GJH BY QMU TVCQMPUT

BY TFU YMBCFM %BZ
ZMBCFM 5FNQFSBUVSF JO $FMTJIVT
UJUMF 5FNQFSBUVSF (SBQI

BY QMPU EBZT DFMTJVT@NJO
BY QMPU EBZT DFMTJVT@NJO PZ
BY QMPU EBZT DFMTJVT@NBY
BY QMPU EBZT DFMTJVT@NBY PS

QMU TIPX
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Temperature Graph

40.0 A e
.--".- —

37.5 - '

35.0 - _fmﬂ""

325 - -

30.0 - 7

215

mo| o

235 - ///X
200

‘Emperature in Celsius

EXAMPLE: BAR PLOTS
T LNQD ENQL-@K HMSQNCTBSHNM V/HKK ENKKNV K@SDQ HM NTQ STSNQHAK NM — @SOKNSKHA

import matplotlib.pyplot as plt
import numpy as np

ZFBST <TUS ZFBS for ZFBS in SBOHF
WJITJUPST

QMU CBS ZFBST WJTJUPST DPMPS HSFFO

QMU YMBCFM  -FBST
QMU ZMBCFM  7BMVFT
QMU UJUMF #BS $IBSU &YBNQMF

QMU QMPU
QMU TIPX

/6%26)%7 /& —140,/74,)"



126 Bar Chart Example

u -
2014 2011 2017 2013 2014 2015 2016 2017 20114 2019 201
Tars

HISTOGRAMS

import matplotlib.pyplot as plt
import numpy as np

HBVTTJBO@OVNCFST  OQ SBOEPN OPSNBM TJ[F
HBVTTJIBO@OVNCFST

QMU 1JTU HBVTTJBO@OVNCFST CJOT
QMU UJUMF  (BVTTJBO )JTUPHSBN
QMU YMBCFM  7BMVF

QMU ZMBCFM "SFRVFODZ

QMU TIPX
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Gaussian Histogram

1404 -

1204 -

1004 -

Frequency

400

210

SCATTER PLOTS

import matplotlib.pyplot as plt
import numpy as np

Y  0Q BSBOHF

Z 0Q SBOEPN SBOEJOU
Z 0Q SBOEPN SBOEJOU
Z 0Q SBOEPN SBOEJOU

# Markers: https://matplotlib.org/api/markers_api.html

QMU TDBUUFS Y Z

QMU TDBUUFS ¥ Z NBSLFS W  DPMPS S
QMU TDBUUFS Y Z  NBSLFS 7 DPMPS N
QMU UJUMF 4DBUUFS 1MPU &YBNQMF

QMU TIPX

/6%26)%7 /& —140,/74,)""



Scatter Plot Example

225 N

17.5 - N N

15.0

125 1 v v v v

10.0 - ¥ ¥
T5 4

L

25 1 . . o .

STACK PLOTS
import matplotlib.pyplot as plt

JEYFT <
Z <
Z <
Z <

QMU TUBDLQMPU JEYFT
Z Z Z
QMU UJUMF 4UBDL 1IMPU &YBNQMF

QMU TIPX

Stack Plet Example
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PIE CHARTS
import matplotlib._pyplot as plt

# Pie chart, where the slices will be ordered and plotted counter-
clockwise:

MBCFMT $ 1ZUIPO +BWB $ $

TI[FT < >

FYQMPEF # only "explode"™ the 2nd slice (1.e.
"Hogs*™)

GJH BY QMU TVCQMPUT
BY QJF TJ[FT FYQMPEF FYQMPEF MBCFMT MBCFMT BVUPQDU %21 . 11%%
TIBEPX True TUBSUBOHMF

BY BYJT FRVBM # Equal aspect ratio ensures that pie is drawn
as a circle.

QMU UJUMF 5*0#& *OEFY GPS .BZ
QMU TIPX

TIORE Index for May 2021

# Pie chart, where the slices will be ordered and plotted counter-
clockwise:

MBCFMT $ 1ZUIPO +BWB $ $ PUIFST

TI[FT < >

TJ[FT BQQFOE TVN TI[FT

FYQMPEF # only "explode'™ the 2nd slice

(i.e. "Hogs")

GJH BY QMU TVCQMPUT

BY QJF TJLFT FYQMPEF FYQMPEF MBCFMT MBCFMT BVUPQDU %1 .1%%%
TIBEPX True TUBSUBOHMF

/6%26)%7 /& —140,/74,)""



BY BYJT FRVBM # Equal aspect ratio ensures that pie is drawn
as a circle.

QMU UJUMF 5*0#& *OEFY GPS .BZ
QMU TIPX

TIOBE Index for May 2021
Python
|

Ci+

cthers
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FORMAT PLOTS

FORMAT PARAMETER
import matplotlib.pyplot as plt

QMU QMPU < >
QMU TIPX

oo 05 1D 15 20 25 3D

7G@S VD RDD HR @ BNMSHMTNTR FQ@OG DUDM SGNTFG VD OQNUHCDC CHRBQDSD C@S@ ENQ SGD O U@KTDR **X @CCHMF @
ENQL-@S RSQHMF SN SGD ETMBSHNM B@KK NE OKNS VD B@M BQD@SD @ FQ@OG VHSG CHRBQDSD UGKTDR HM NTQ B@RD AKTD BHQBKD
L.@QJDQR 4GD ENQL-@S RSQHMF CDEHMDR SGD V@X GNV SGD CHRBQDSD ONHMSR G@UD SN AD QDMCDQDC

import matplotlib.pyplot as plt

QMU QMPU < > PC
QMU TIPX

&/2—-140,/43



THE FORMAT PARAMETER OF PYPLOT.PLOT

7D G@UD TRDC NA HM NTQ OQDUHNTR DW@LOKD @R SGD ENQL-@S O@Q@LDSDQ )S BNMRHRSR NE S\VN BG@Q@BSDQR 4GD EHQRS
NMD CDEHMDR SGD KHMD RSXKD NQ SGD CHBQDSD U@KTD RSXKD HD SGD L.@QJDQR \V/GHD SGD RDBNMC NMD BGNNRDR @ BNKNTQ ENQ
SGD FQ@OG 4GD NQCDQ NE SGD S\VN BG@Q@BSDQR BNTKC G@UD ADDM QDUDQRDC HD VD BNTKC G@UD VQHSSDM HS @GR AN @R
V/DKK )E SGD ENQL-@S 0@Q@L-DSDQ HR MNS FHUDM @R HM SGD EHQRS DW@L_OKD SGD CDE@TKS UGKTDHR A HD @ RNKHC AKTD KHMD

AGD ENKKNVAMF ENQL@S RSQHMF BG@OGBSDQR QD @BBDOSDC SN BNMSQNK SGD KAMD RSXKD NQ L.@QJDQ

DIBSBDUFS EFTDSJQUJPO

TPMJE MJOF TUZMF
EBTIFE MJOF TUZMF
EBTI EPU MJOF TUZMF
EPUUFE MJOF TUZMF
QPJOU NBSLFS

QJYFM NBSLFS

DJSDMF NBSLFS
USJBOHMF@EPXO NBSLFS
USJBOHMF@VQ NBSLFS
USJBOHMF@MFGU NBSLFS
USJBOHMF@SJHIU NBSLFS
USJ@EPXO NBSLFS
USJ@VQ NBSLFS
USJ@MFGU NBSLFS
USJ@SJHIU NBSLFS
TRVBSF NBSLFS
QFOUBHPO NBSLFS

N=T

O -
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TUBS NBSLFS

IFYBHPO NBSLFS
IFYBHPO NBSLFS
QMVT NBSLFS

Y NBSLFS

EJBNPOE NBSLFS
UI1JO@EJBNPOE NBSLFS
WMJOF NBSLFS

IMJOF NBSLFS

Od MR < S mm

AGD ENKKNVHMF BNKNQ @AAQDUH@SHNMR @QD RTOONQSDC

DIBSBDUFS DPMPS

CMVF
HSFFO
SFE
DZBO
NBHFOUB
ZFMMPX
CMBDL
X1JUF

XIrN2Z2oOnITO

TR XNT L@X G@UD FTDRRDC @KQD@CX XNT B@M @CC 8 UEKTDR SN SGD OKNS ETMBSHNM 7D \WHKK TRD SGD L-TKSHOKDR NE
RS@QSHMF @S ADKNV @R SGD 8 U@KTDR NE SGD OKNS HM SGD ENKKN'VHMF DW@L_OKD

import matplotlib.pyplot as plt

# our X values:

EBZT MJTU SBOHF

QSJOU 7BMVFT PG EBZT EBZT
# our Y values:
DFMTJIVT@WBMVFT <

QMU QMPU EBZT DFMTJVT@WBMVFT
QMU TIPX

&/2—-140,/743



7BMVFT PG EBZT <

@MC NMBD L-NQD VHSG CHRBQDSD U@KTDR

QMU QMPU EBZT DFMTJVT@WBMVFT  CP
QMU TIPX
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MATPLOTLIB TUTORIAL

MATPLOTLIB OBJECT HIERARCHY AND IMPORTANT TERMS

— @SOKNSKHA HR GHDOBQBGHB@KKX NQF@MHYDC )M SGD OQDUKNTR BGAOSD(
\/D CHCM'S LL@CD TRD NE SGHR RSOTBSTQD ¥ Kk \/D TRDC V@R @ RHLOKD
OKNS KiJD QMU QMPU < > \V/GHBG HR HLOKHBHSKX
ATHCHMF SGD MDBDRR@QX RSQTBSTODR 77D CHCM S GAUD SN JMNV @ANTS
SGD TMCDQKXHMF GHDQ@QBGHB@K RSOTBSTQD HM SGHR BGEOSD) NE NT(
STSNH@K \/D \/Hkk DWOK@HM SGD TMCDOKXHMF NAIDBS GHDQ@QBGX 77D VKK
KRN CDLLNMRSQ@SD GNV/ SN TRD K5 SN OKNS FQBOGR @MC VNQJ \/HSG SGD
BQD@SDC @WDR

T L @SOKNSKHA NAIDBS HR @ SQDD KHJD RSQTBSTQD NE L@SOKNSKHA NAIDBSR
VGHBG ATHKC @ GHDQ@QBGX ~ 4GD SNO NE SGD QDD KHJID RSQTBSTQD NE
L_@SOKNSKHA NAIDBSR HR SGD GJIHVSF NAIDBS ¥ EHFTQD B@M AD RDDM
@R SGD BNMS@HMDQ VGHBG BNMS@HMR NMD NQ L-NQD OKNSR 4GD OKNSR @QD
BEKKDC BYFT HW L.@SOKNSKHA I@QFNM ¥ WDR HR SGD OKTQ@K NE SGD
VNQC @WHR \V/GHBG FHUDR TR @ L_HRKD@CHMF HCD@ 7D B@M SGHMJ
@ANTS @WDR @R @ RXMNMXL. ENQ SGD VVNQC OKNS  4GD ENKKNVHMF
CH@FQ@L. RGNVR @ EHFTQD VHSG NMD @WDR

Figure

Axes

TR VD G@UD @KQDACX L.DMSHNMDC @ EHFTQD L.@X @KRN BNMS@HM LNQD SG@M NMD @WDR

—140,/4,)" 454/2)1,



Figure

Axes Axes

Axes Axes

4GD SDQLR BYFT @MC GJIHVSF @MC iM O@QSHBTK@Q SGD QDK@SHNMRGHO ADSVDDM SGDL- B@M AD PTHSD BNMETRHMF SN
ADFHMMDQR HM — @SOKNSKHA  SHL_HK@QKX CHEEHBTKS SN @BBDRR @MC TMCDQRS@MC @QD L.@MX NE SGD SDQLLR 4QJOF  5JDL
@MC *YJT AGDH) ETMBSHNM @VWC L.D@MHMF @QD D@RX SN BQ@RO HE XNT RDD KNNJ @S SGDL- HM SGD ENKKNVHMF CHAFQ@L

Figure
Axes
the whole plotting area
16 4 4
14 4
12 4 /
T Spines—
10 ? | / -
=
s
Line
51 ‘ (line plot) :
- Ticks | Tick

N | “ Labels

. A

| i '\‘
2 | - |

| | Axis /
AJ "//. ‘/ h |
00 0.5 10 15 2.0 2.5 3.0

GENERATE FIGURE AND AXES
import matplotlib.pyplot as plt

GJH BY QMU TVCQMPUT

QSJOU UZQF GJH
QSJOU UZQF BY

—140,/4,)" 454/2)1,



DMBTT NBUQMPUMJC GJHVSF "JHVSF
DMBTT NBUQMPUMJC BYFT @TVCQMPUT "YFT4VCQMPU

1D

0B

1]

04

032 -

D.n T T T T
oD 02 o4 1] 0B 1D

4GD ETMBSHNM TVCQMPUT B@M AD TRDC SN BQD@SD @ EHFTQD @MC @ RDS NE RTAOKNSR )M NTQ OQDUHNTR DW@L-OKD VD
B@KKDC SGD ETMBSHNM VHSGNTS 0@Q@L-DSDQR \VGHBG BQD@SDR @ EHFTQD \WHSG @ RHMFKD HMBKTCDC @WDR VD V/HKK RDD K@SDQ
GNV SN BQD@SD LNQD SG@M NMD @WDR VHSG TVCQMPUT

7D VHKK CDLLNMRSQ@SD HM SGD ENKKNVHMF DWEL.OKD GNV VD B@M FN NM VHSG SGDRD NAIDBSR SN BQD@SD @ OKNS 7D B@M
RDD SG@S VD @00KX QMPU CHQDBSKX NM SGD @WHR NAIDBS BY  4GHR KD@UDR MN ONRRHAKD @L-AHFTHSX @R HM SGD

QMU QMPU @OOQN@BG

import matplotlib.pyplot as plt

# Data for plotting

9 < >

: < >
GJH BY QMU TVCQMPUT
BY QMPU 9 :
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/TOTS < NBUQMPUMJIC MJOFT -JOF % BU Y G ECF C EE >

E B B M B B 2

in
1

LABELS ON AXES

"7D B@M HL_OQNUD SGD @OOD@Q@MBD NE NTQ FQ@OG AX @CCHMF K@ADKR SN SGD @WDR 7D @KRN V@MS SN FHUD NTQ OKNS @
GD@CKHAMD NQ KDS TR B@Kk HS @ UJUMF SN RS@X HM SGD SDQLAMNKNFX NE —@SOKNSKHA 7D B@M @BBNLOKHRG SGHR AX TRHMF
SGD TFU L.DSGNC NE SGD @WHR NAIDBS BY

import matplotlib.pyplot as plt

EBZT MJITU SBOHF
DFMTIVT@WBMVFT < >

GJH BY QMU TVCQMPUT

BY QMPU EBZT DFMTJIVT@WBMVFT

BY TFU YMBCFM %BZ
ZMBCFM 5FNQFSBUVSF JO $FMTJIVT
UJUMF 5FNQFSBUVSF (SBQI

QMU TIPX
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Temperature Graph

Temperature in Celsius
B

%

THE PLOT FUNCTION

4GD QMPU ETMBSHNM HR MDDCDC SN OKNS @ EHFTQD NQ ADSSDQ SGD EHFTQDR ADB@TRD SGDQD L.@X AD L-NQD SG@M NMD
"7 GDM OKNS HR QTM HM HOXSGNM VHSG HSR OXK@A LLNCD HS CHROK@XR @KK EHFTQDR @MC QDSTQMR SN SGD HOXSGNM OQNL-OS
"7 GDM VD QTM HS HM MNM HMSDQ@BSHUD LLNCD  V/GHBG HR SGD B@RD VGDM VD QTM @ OXSGNM OQNFQ@L-  HS CHROKEXR @KK

EHFTQDR @MC AKNBJR TMSHK SGD EHFTQDR G@UD ADDM BKNRDC

7D B@M RODBHEX @M @QAHSQ@QX MTLADQ NE W X EL.S FQNTOR HM @ OKNS ETMBSHNM 7D VHKK DWSDMC NTQ OQDUHNTR
SDL.ODQ@STQD DW@L-OKD SN CDL-NMRSQ@SD SGHR "7’D OQNUHCD SVN KHRSR WHSG SDL.ODQ@STQD U@KTDR NMD ENQ SGD LHMHL-TL

@MC NMD ENQ SGD L@WHL-TL. U@KTDR

import matplotlib.pyplot as plt

EBZT MITU SBOHF
DFMTJIVT@NJO <
DFMTJVT@NBY <

GJH BY QMU TVCQMPUT

BY TFU YMBCFM %BZ
ZMBCFM 5FNQFSBUVSF JO $FMTJIVT
UJUMF 5FNQFSBUVSF (SBQI

BY QMPU EBZT DFMTJVT@NJO
EBZT DFMTJVT@NJO PZ
EBZT DFMTJVT@NBY
EBZT DFMTJVT@NBY PS
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QMU TIPX

Temperature Graph
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7D BNTKC G@UD TRDC ENQ OKNS B@KkR M SGD OQDUHNTR BNCD HMRSD@C NE NMD DUDM SGNTFG SGHR HR MNS UDQX @SSQ@BSHUD

import matplotlib.pyplot as plt

EBZT  MJTU SBOHF
DFMTJIVT@NJO < >
DFMTJIVT@NBY < >

GJH BY QMU TVCQMPUT

BY TFU YMBCFM %BZ
ZMBCFM 5FNQFSBUVSF JO $FMTJIVT
UJUMF 5FNQFSBUVSF (SBQI

BY QMPU EBZT DFMTJVT@NJO
BY QMPU EBZT DFMTJVT@NJO PZ
BY QMPU EBZT DFMTJVT@NBY
BY QMPU EBZT DFMTJVT@NBY PS

QMU TIPX
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Temperature Graph
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CHECKING AND DEFINING THE RANGE OF AXES

7D BAM @KRN BGDBJ @MC CDEAMD SGD QBMFD NE SGD @WDR VHSG SGD ETMBSHNM @WHR )E XNT BKK HS VHSGNTS @QFT LDMSR S
QDSTOMR SGD BTQUDMS GWHR KHL_HSR

import matplotlib.pyplot as plt

EBZT MJITU SBOHF
DEMTJIVT@WBMVFT < >

GJH BY QMU TVCQMPUT

BY QMPU EBZT DFMTJIVT@WBMVFT

BY TFU YMBCFM %BZ
ZMBCFM 5FNQFSBUVSF JO $FMTJIVT
UJUMF 5FNQFSBUVSF (SBQI

QSJOU 5I1F DVSSFOU MJINJUT GPS UIF BYFT BSF
QSJOU BY BYJT

QSJOU 8F TFU UIF BYFT UP UIF GPMMPXJOH WBMVFT
YNJO YNBY ZNJO ZNBY

QSJOU YNJO YNBY ZNJO ZNBY

BY BYJT <YNJO YNBY ZNJO ZNBY>

QMU TIPX

—140,/4,)" 454/2)1 ,



SIF DVSSFOU MJINJUT GPS UIF BYFT BSF

8F TFU UIF BYFT UP UIF GPMMPXJOH WBMVFT

Temperature Graph

Temperature in Celsius
B

B

Day

"LINSPACE" TO DEFINE X VALUES

7D VHKK TRD SGD . TL.OX ETMBSHNM KHMRO@BD HM SGD ENKKNVHMF DW@L-OKD KHMRO@BD B@M AD TRDC SN BQD@SD DUDMKX
RO@BDC MTL_ADQR NUDQ @ RODBHEHDC HMSDQUEK

Import numpy as np
import matplotlib.pyplot as plt

9 0Q MJOTQBDF 0Q QJ 0Q QJ FOEQPJOU True
. 0Q TJO 9

- 0Q TIO 9

. 0Q TJO 9

GJH BY QMU TVCQMPUT

TUBSUY FOEY 0Q QJ 0Q QJ
TUBSUZ FOEZ
BY BYJT <TUBSUY FOEY TUBSUZ FOEZ>

BY QMPU 9 9 - 9 -

# discrete points:

BY QWPU 9 * SP 9 * CY
QMU TIPX
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CHANGING THE LINE STYLE

4GD KHMDRSXKD NE @ OKNS B@M AD HMEKTDMBDC VHSG SGD KHMDRSXKD NQ kR O@Q@L-DSDQ NE SGD OKNS ETMBSHNM )S B@M AD RDS SN

NMD NE SGD ENKKN'VHMF U@KTDR
/POF

7D B@M TRD KAMDVHCSG SN RDS SGD VHCSG NE @ KHMD @R SGD M@LD HL-OKHDR

Iimport numpy as np
import matplotlib.pyplot as plt

9 0Q MJOTQBDF 0Q QJ
. 0Q TJO 9

- 0Q TIO 9

. 0Q TJO 9

. 0Q DPT 9

FOEQPJOU True

GJH BY QMU TVCQMPUT
BY QUPU 9 " DPMPS CMVF  MJOFXJEUI MJOFTUZMF
BY QUPU 9 " DPMPS SFE  MJOFXJEUI MJOFTUZMF
BY QMPU 9 " DPMPS HSFFO  MJOFXJEUI MJOFTUZMF
BY QMPU 9 " DPMPS HSFZ  MJOFXJEUI MJOFTUZMF
QMU TIPX
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SCATTER PLOTS IN MATPLOTLIB

7D VHKK KD@QM MNV GNV SN CQ@V RHMFKD ONHMSR KM — @SOKNSKHA

import matplotlib.pyplot as plt

GJH BY QMU TVCQMPUT
BY TDBUUFS T

/T0TS " NBUQMPUMJC DPMMFDUJPOT 1BUISPMMFDUJPO BU Y GE FF

13

T3

1

10 1 L

Lty

6B -

L

import matplotlib.pyplot as plt
Import numpy as np

9 0Q SBOEPN SBOEJOU
: 0Q SBOEPN SBOEJOU
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GJH BY QMU TVCQMPUT
BY TDBUUFS 9 : T

/0TS NBUQMPUMJC DPMMFDUJPOT 1BUI$PMMFDUJPO BU Y GE FEGB E

180 -

e B
. .
m .
. ¢ .
.
il - ]
s ®
.
-‘Iﬂ-. L]
x o ™
.
o .
T T T T T T
1] Fat| a0 [ 4] = 180
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SHADING REGIONS WITH

FILL BETWEEN()

)S HR ONRRHAKD SN RG@CD NQ BNKNQHYD QDFHNMR ADS\VDDM SVN BTQUDR 7D @QD EHKkHMF SGD QDFHNM ADS\VDDM SGD 8 @WHR @MC
SGD FQROGNE TJO 9  HM SGD ENKKNVHVF DW@L-OKD

import numpy as np

import matplotlib.pyplot as plt

0

9 0Q MJOTQBDF 0Q QJ 0Q QJ O FOEQPJOU True
0Q TJO 9

GJH BY QMU TVCQMPUT
BY QMPU 9 : DPMPS CMVF  BMQIB

BY GJMM@CFUXFFO 9 - DPMPS CMVF  BMQIB
QMU TIPX

100

015 -

050 -

035

0D0 -

—11.25 -

—1.540

—H1.75

—1.041 -

4GD FDMDQ@k RXMS@W NE EHKK>ADSVDDM
GIJMM@CFUXFFO ¥ Z Z XIFSF /POF JOUFSQPMBUF "BMTF LXBSHT

4GD 0@Q@L-DSDQR NE EHK>ADS\/DDM

3(1$). " 2%")/ -3 7)4C8), ,>" " %47 %%



Parameter Meaning

W YM . KDMFSG @QQ@X NE SGD W C@s@
X TN . KDMFSG @QQ8X NQ RBGKBQ NE SGD X C@s@
X T . KDMFSG GQQ8X NQRB@KBQ NE SGD X Cs@

)E -NMD CDE@TKS SN EHkk ADS\/DDM DUDQXVGDQD )E MNS - NMD HSHR @M - KDMFSG MTL.OX ANNKD@M @QQ@X @MC SGD EHKK VHKK NMKX

VGO0 G@OODM NUDQ SGD QDFHNMR VGDQD VVGDQD ~ 4QTD
HMSDQONK@SD )E4QTD HMSDQONK@SD ADS\/DDM SGD SVN KHMDR SN EAMC SGD OQDBHRD ONHMS NE HMSDQRDBSHNM /SGDQVHRD SGD RS@QS @MC DMC ONHMSR
NE SGD EHKKDC QDFHNM \/HKK NMKX NBBTQ NM DWOKHBHS U@KTDR HM SGD W @QQ@X

JVEQFR +DXVNQC @QFR OBRRDC NM SN SGD ONKX#NKKDBSHNM

Iimport numpy as np
import matplotlib.pyplot as plt

0
9 00 MJOTQBDF 0Q QJ 0Q QJ O FOEQPJOU True
- 00TJO 9
GJH BY QMU TVCQMPUT

BY QMPU 9 : DPMPS CMVF  BMQIB

BY GJMM@CFUXFFO 9 : DPMPS CMVF  BMQIB
QMU TIPX

100

015 -

050 -

025

000

—11.25

—1.540

—H1.75

=1.041 -
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MATPLOTLIB TUTORIAL: SPINES

AND TICKS

MOVING THE BORDER LINES AND POLISHING UP THE AXES NOTATIONS

— A ——

46D VNQC ROHMD HR LLNRS BNL.LLNMKX JMNV/M @R SGD A@BJANMD NQ ROHM@K
BNQC NE SGD GTL.@M RIDKDSNM ¥ MNSGDQ L-D@MHMF RS@MCR ENQ @ ANNJ R

1@BJIDS /TQ OHBSTQD NM SGD QHFGS RHCD RGNVR SGD ROHMDR NE @ B@BSTR
@QSHRSHB@KKX BG@MFDC HMSN RNLDSGHMF V/GHBG KNNJR KHJID @ QHAB@FD ONT VHKK
G@QCKX EAMC SGD TR@FD NE SGD VNQC TQJOF NE L @SOKNSKHA HM @

CHBSHNM@QX 3OHVDR HM L@SOKNSKHA @QD SGD KHMDR BNMMDBSHMF SGD @WHR SHBJ
L@QJR @MC MNSHMF SGD ANTMC@QHDR NE SGD C@S@ @QD@

7D \/HKk CDLNMRSQ@SD HM SGD ENKKN\/HMF SG@S SGD ROKMDR B@M AD OK@BDC @S
QAHSBQX ONRHSHNMR

7D VHK LLNUD @QNTMC SGD ROHMDR HM SGD BNTQRD NE SGHR BG@OSDQ RN SG@S SGD
ENQL. @ BK@RRHBE@K BNNQCHM@SD RXRSD /MD VGDQD VD G@AUD @ W @WHR @MC @ X
@WHR @MC ANSG FN SGONTFG SGD NQHFHM H D SGD ONHMS

7D VHK RGNV SGD M@L_HMF NE SGD ROHMDR HM SGD ENKKNVHMF CHOFQ@ L
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top spine . .
left spine ri ght&spme

botiom spine

7D VHK LLNUD SGD ROHMDR SN ATHKC @ BK@RRHB@K BNNQCHM@SD RXRSDL. 4N SGHR OTQONRD VD STQM SGD SNO @MC QHFGS
ROHMD HMUHRHAKD @MC LLNUD SGD ANSSNL. @MC KDES NMD @QNTMC

# the next "inline" statement is only needed,
# 1T you are working with "ipython notebook™
matplotlib JOMJOF

import numpy as np
import matplotlib.pyplot as plt

9 0Q MJOTQBDF 0Q QJ 0Q QJ FOEQPJOU True
. 0Q TIO 9
- 9 9 9 9 9 0Q FYQ 9

GJH BY QMU TVCQMPUT

# making the top and right spine invisible:
BY TQJOFT< UPQ > TFU@DPMPS OPOF
BY TQJOFT< SJHIU > TFU@DPMPS OPOF
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# moving bottom spine up to y=0 position:
BY YBYJT TFU@UJIDLT@QPTJUJPO CPUUPN
BY TQJOFT< CPUUPN > TFU@QPTJUJPO  EBUB

# moving left spine to the right to position x ==
BY ZBYJT TFU@UJDLT@QPTJUJPO MFGU

BY TQJOFT< MFGU > TFU@QPTJUJPO  EBUB

BY QWPU 9 * 9 -

QMU TIPX

[
[=a}
|
o
|
Bl
= o
L T
<
o

CUSTOMIZING TICKS

— (@SOKNSKHA G@R RN E@Q HM @KK NTQ OQDUHNTR DW@L-OKDR  @TSNL-@SHB@KKX S@IDM NUDQ SGD S@RJ NE RO@BHMF ONHMSR NM SGD
@WHR "7D B@M RDD ENQ DW@L_OKD SG@S SGD 8 @WHR HM NTQ OQDUHNTR DW@LOKD V@R MTLADQDC
VGDQD@R SGD O @WHR V@R MTL_ADQDC

WSHBJR HR @ L.DSGNC \V/GHBG B@M AD TRDC SN FDS NQ SN RDS SGD BTQQDMS SHBJ KNB@SHNMR @MC SGD K@ADKR 4GD REL-D R SQTD
ENQ XSHBJR

import matplotlib._pyplot as plt
GJH BY QMU TVCQMPUT

YUJDLT BY HFU@YUJDLT
YUJDLMBCFMT BY HFU@YUJDLMBCFMT
QSJOU YUJDLT YUJDLMBCEMT
for J 1n SBOHF

QSJOU YUJDLMBCFMT<J>
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ZUJDLT BY HFU@ZUJDLT
QSJOU ZUJDLT

< > B MJTU PG SFYU YUJDLMBCFM PCKFDUT
SFYU

SFYU

5FYU

SFYU

SFYU

SFYU

< >

1D

0B

06 -

04

02 A

D.D T T T T
oD 02 o4 1] - oB 1D

TR VD R@HC ADENQD VD B@M @KRN TRD WSHBJR SN RDS SGD KNB@SHNM NE WSHBJIR

import matplotlib.pyplot as plt
GJH BY QMU TVCQMPUT

BY TFU@YUJDLT < >
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/TO0TS < NBUQMPUMJC BYJT 95JDL BU Y G B F CE
NBUQMPUMJC BYJT 95JDL BU Y G B F CEE
NBUQMPUMJC BYJT 95JDL BU Y G B F C
NBUQMPUMJC BYJT 95JDL BU Y G B F B
NBUQMPUMJC BYJT 95JDL BU Y G B F E >

1D
OB
0.6
04
032
D.D T T T T
T 13 1] 1| 42

- NV VD VHK RDS ANSG SGD KNB@HNMR @MC SGD K@ADKR NE SGD WSHBJIR

import matplotlib.pyplot as plt

GJH BY QMU TVCQMPUT

BY TFU@YUJDLT < >
BY TFU@YUJDLMBCFMT < #FSMJO ~POEPO )BNCVSH

SPSPOUP >
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/TO0TS «5pyy #FSMJO

5FYU -POEPO
5FYU )BNCVSH
5FYU 5PSPOUP >
1D
0B -
0B -
0.4 -
0.2 -
D.D T T T T
Berlin  Londan Hamburg Toromin

,DSR FDS A@BJ SN NTQ OQDUANTR DW@LOKD \/HSG SGD SQFNMNLDSQHB ETMBSHNMR —NRS ODNOKD L_HFGS BNMRHCDQ EGBSNOR NE
OH SN AD LLNQD @OOQNOQH@SD ENQ SGD 8 @WHR SG@M SGD KMSDFDQ KBADKR

import numpy as np
import matplotlib.pyplot as plt

9 0Q MJOTQBDF 0Q QJ 0Q QJ FOEQPJOU True
9 0Q MJOTQBDF 0Q QJ 0Q QJ FOEQPJOU True
- 0Q TJO 9

. 9 0Q TJO 9
GJH BY QMU TVCQMPUT

# making the top and right spine invisible:

BY TQJOFT< UPQ > TFU@DPMPS OPOF

BY TQJOFT< SJHIU > TFU@DPMPS OPOF

# moving bottom spine up to y=0 position:

BY YBYJT TFU@QUJDLT@QPTJUJPO CPUUPN

BY TQJOFT< CPUUPN > TFU@QPTJUJPO EBUB

# moving left spine to the right to position x ==
BY ZBYJT TFU@UJIDLT@QPTJUJPO MFGU

BY TQJOFT< MFGU > TFU@QPTJUJPO EBUB

BY TFU@YUJDLT < >
BY TFU@ZUJDLT < >
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BY QMPU 9 "
BY QMPU 9 *

QMU TIPX

4GDQD HR @M D@RADQ V@X SN RDS SGD U@KTDR NE SGD WSHBJIR RN SG@S VD CN MNS G@UD SN B@BTK@SD SGDL. L.@MT@KkX 7D TRD
OKS — TKSHOKD , NB@SNQ VHSG MO OH @R @QFTL_DMS

import numpy as np
import matplotlib.pyplot as plt

9 0Q MJOTQBDF 0Q QJ 0Q QJ
- 0Q TJO 9
. 0Q TJO 9

GJH BY QMU TVCQMPUT
BY YBYJT TFU@NBKPS@MPDBUPS QMU .VMUJQMF-PDBUPS 0Q QJ
BY QU 9 = 9 -

QMU TIPX
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SETTING TICK LABELS

7D V@OMS SN QDM@L-D SGD WHBJR MNV VHSG BTRSNL. L.@QJIDQR 7D VHK TRD SGD L.DSGNC WSHBJIR @F@HM ENQ SGHR OTQONRD
@R VD CHC HM NTQ OQDUHNTR DW@L.OKDR **TS SGHR SHL.D VD V/HKK B@KK WSHBJIR VHSG SVN O@Q@L-DSDQR 4GD EHQRS NMD HR SGD
R@L.D KHRS /D TRDC ADENQD HD SGD ONRHSHNMR NM SGD W @WHR \V/GDQD VD V@MS SN G@UD SGD SHBJR 4GD RDBNMC
0@Q@L-DSDQ KR @ KHRS NE SGD R@L-D RHYD VHSG BNQQDRONMCHMF , @4D8 SHBJ L.@QJR HD SGD SDWS VVGHBG VD V@MS SN RDD
HMRSD@C NE SGD UGKTDR 4GD , @4D8 MNS@SHNM G@R SN AD @ Q@V RSQHMF HM L_NRS B@RDR SN RTOOQDRR SGD DRBAOHMF
L.DBG@MHRL. NE OXSGNM ADB@TRD SGD , @4D8 MNS@SHNM GD@UHKX TRDR @MC QDKHDR NM SGD A@BJIRKARG

Import numpy as np
import matplotlib.pyplot as plt

9 0Q MJOTQBDF 0Q QJ 0Q QJ
- 0Q TJO 9
C 0Q TJO 9

GJH BY QMU TVCQMPUT

BY YBYJT TFU@NBKPS@MPDBUPS QMU .VMUJQMF-PDBUPS 0Q QJ

BY TFU@YUJDLMBCFMT <S  =QJ S  =GSBD\ =QJ*2} S =QJ
S =GSBD\=QJ"{2} S =GSBD\=QJ"{2}
S =QJ S =GSBD\ =QJM2} S =QJ >

BY QMPU 9 *© 9 -

QMU TIPX
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ADJUSTING THE TICKLABELS

7D V(@MS SN HMBQD@RD SGD KDFHAHKHSX NE SGD SHBJIK@ADKR 7D VHkK HMBQD@RD SGD ENMS RHYD @MC VD VHKK QDMCDQ SGDL. NM
@ RDL# SQ@MRO@Q@MS A@BIFQNTMC

QSJOU BY HFU@YUJDLMBCFMT
B MIJTU PG SFYU YUJDLMBCFM PCKFDUT

for YUJIDL in BY HFU@YUJDLMBCFMT
QSJOU YUJDL

5FYU ==QJ
5FYU ==QJ
5FYU ==QJ

5FYU ==QJ

MBCFMT  <YUJDL HFU@UFYU  for YUJDL in BY HFU@YUJDLMBCFMT >
QSJOU MBCFMT

< ::QJ ::QJ ::QJ ::QJ >
, DSR HMBQD@RD SGD ENMSRHYD @MC L.@JD SGD ENMS RDL_H SQ@MRO@Q@MS

Import numpy as np
import matplotlib.pyplot as plt

9 0Q MJOTQBDF 0Q QJ 0Q QJ FOEQPJOU True
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" 0Q TJO 9
GJH BY QMU TVCQMPUT

BY YBYJT TFU@NBKPS@MPDBUPS QMU .VMUJQMF-PDBUPS 0Q QJ

BY TFU@YUJDLMBCFMT <S  =QJ S  =GSBD\ =QJ*2} S =QJ
S =GSBD\=QJ"{2} S =GSBD\=QJ"{2}
S =QJ S =GSBD\ =QJM2} S =QJ >

for YUJIDL in BY HFU@YUJDLMBCFMT

YUJDL TFU@GPOUTJLF

YUJDL TFU@CCPY EJDU GBDFDPMPS XIJUF FEHFDPMPS /POF BMQI
B

for ZUJDL in BY HFU@ZUJDLMBCFMT
ZUJDL TFUQ@GPOUTJLF
ZUJDL TFU@CCPY EJDU GBDFDPMPS XI1JUF FEHFDPMPS /POF BMQI
B
BY QMPU 9 * MBCFM  TJO Y
BY MFHFOE MPD MPXFS MFGU

QMU TIPX

1.00 -
0.75 - A f\
0.50 - N
0.25 -
0.00 +
—0.25 1
—0.50 4 rl

~0.75 M
-1.004{ s '

_n - —

|
o
N
+ |
|
ER
+
”_
=
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MATPLOTLIB TUTORIAL, ADDING

LEGENDS AND ANNOTATIONS

ADDING A LEGEND

AGHR BG@OSDQ NE NTQ STSNQHEK HR @ANTS KDFDMCR , DFDMCR @QD SGD ‘
BK@RRHB@X RSNQHDR EQNL @MBHDMS = QDDBD NQ NSGDQ OK@BDR \VVGHBG @QD

TRT@KKX CDUNTQDC AX @CNKDRBDMSR 4GDX G@UD SN QD@C HS @MC SGHR HR
\/GDQD SGD NQHFHM@K L-D@MHMF BNLDR EQNL. 4GD VNQC MFHFOE
RSDLR EQNL. , @SHM @MC HS L.D@MR HM , @M SN AD QD@C 3N VD B@M
R@X KDFDMCR @QD SGD SGHMFR M @ FQ@OG NQ OKNS VVGHBG G@UD SN AD
QD@C SN TMCDQRS@MC SGD OKNS )S FHUDR TR UGKT@AKD HMENQL-@SHNM
@ANTS SGD UHRT@KHYDC C@S@

**DENQD KDFDMCR G@UD ADDM TRDC HM L.@SGDL @SHB@K FQBOGR SGDX

G@UD ADDM TRDC M L.@OR ,DFDMCR (@R SGDX @QD ENTMC HM L.@OR "
CDRBQHAD SGD OHBSNQH@K KGMFT@FD NQ RXLLANKNFX NE SGD L.@0

, DFDMCR @QD TRDC HM KHMD FQ@OGR SN DWOK@HM SGD ETMBSHNM NQ SGD

UGKTDR TMCDQXXHMF SGD CHEEDQDMS KHMDR NE SGD FQ@OG .
7D VHK CDLLNMRSQ@SD HM SGD ENKKNVHMF RHL_OKD DW@L-OKD GNV VD

B@M OK@BD @ KDFDMC NM @ FQ@OG ¥ KDFDMC BNMS@HVR NMD NQ LLNQD DMSQHDR %UDQX DMSQX BNMRHRSR NE @ JDX @MC @
K@ADK

4GD OXOKNS ETMBSHNM
MFHFOE BSHT LXBSHT
OK@BDR @ KDFDMC NM SGD @WDR

TKK VD G@UD SN CN SN BQD@SD @ KDFDMC ENQ KHMDR V/GHBG @KQD@CX DWHRS NM SGD @WDR HR SN RHL_OKX B@KK SGD ETMBSHNM
KDFDMC VHSG @M HSDQ@AKD NE RSQHMFR NMD ENQ D@BG KDFDMC HSDL

7D GEUD L@HVKX TRDC SQHFNMNL-DSQHB ETMBSHNMR HM NTQ OQDUHNTR BG@OSDQ &NQ @ BGEMFD VD V@MS SN TRD MNV
ONKXMNLH@KR 7D VHKK TRD SGD ONKXMN L_H@K BKARR VGHBG VD G@UD CDEHMDC HM NTQ BG@OSDQ ONKXMN L_HEKR

# the module polynomials can be downloaded from

# https://www.python-course.eu/examples/polynomials.py
from polynomials import 1PMZOPNJBM

import numpy as np

import matplotlib.pyplot as plt

Q 1PMZOPNJBM
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Q@EFS  Q EFSJWBUJWF

GJH BY QMU TVCQMPUT

9 0Q MJOTQBDF FOEQPJOU True
- Q 9

"@EFSJWBUJWF  Q@EFS 9

BY QMPU 9 *

BY QMPU 9 "@EFSJWBUJWF

BY MFHFOE < Q  EFSJWBUJPO PG Q >
/T0TS " NBUQMPUMJC MFHFOE -FHFOE BU Y GE FGDBE

)E VD @CC @ K@ADK SN SGD OKNS ETMBSHNM SGD U@KTD VHKK AD TRDC @R SGD K@ADK M SGD KDFDMC BNL.L.@MC 4GDQD R
@MNKSGDQ @QFTLDMS 5G@S VD B@M @CC SN SGD KDFDMC ETMBSHNM 7D B@M CDEHMD SGD KNB@SHNM NE SGD KDFDMC HMRHCD NE
SGD @WDR OKNS WHSG SGD 0@Q@L-DSDQ MPD

)E VD @CC @ K@ADK SN SGD OKNS ETMBSHNM SGD U@KTDR VHKK AD TRDC HM SGD KDFDMC BNL.L.@MC

from polynomials import 1PMZOPNJBM
Import numpy as np
import matplotlib.pyplot as plt

Q 1PMZOPNJBM
QEEFS  Q EFSJWBUJWF

GJH BY QMU TVCQMPUT

9 0Q MJOTQBDF FOEQPJOU True

- Q 9

"@EFSJWBUJWF  Q@EFS 9

BY QUPU 9 " MBCFM Q

BY QMPU 9 "@EFSJWBUJWF MBCFM EFSJWBUJPO PG Q

BY MFHFOE MPD VQQFS MFGU
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/T0T " NBUQMPUMJIC MFHFOE -FHFOE BU Y GE FGD DG

o
derivation of p

)S LHFGS AD DUDM LLNQD HMSDQDRSHMF SN RDD SGD @BST@K ETMBSHNM HM L@SGDL-@SHBEK MNS@SHNM HM NTQ KDFDMC /' TQ
ONKXMNL_H@K BK@RR HR B@O@AKD NE OQHMSHMF SGD ETMBSHNM HM , @4D8 MNS@SHNM

QSJOU Q
QSJOU Q@EFS
Y? Y? Y? Y?
Y? Y? Y?

7D B@M @KRN TRD , @4D8 HM NTQ K@ADKR HE VD HMBKTCD HSHM  RHFMR

from polynomials import 1PMZOPNJBM
Iimport numpy as np
import matplotlib.pyplot as plt

Q 1PMZOPNJBM
Q@EFS  Q EFSJWBUJWF

GJH BY QMU TVCQMPUT

9 0Q MJOTQBDF FOEQPJOU True

- Q 9

"@EFSJWBUJWF  Q@EFS 9

BY QMPU 9 * MBCFM TUS Q

BY QMPU 9 "@EFSJWBUJWF MBCFM TUS Q@EFS

BY MFHFOE MPD VQQFS MFGU
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/T0T " NBUQMPUMJIC MFHFOE -FHFOE BU Y GE FGC B

| — 23 +3x7 —4x1 46
Bx® +6xt —4

o BE N B & B B o

)M L@MX BERDR VD CNM S IMNV VG@S SGD QDRTKS L @X KNNJ kHID ADENQD XNT OKNS HS )S BNTKC AD ENQ DW@LOKD SG@S SGD
KDFDMC VHK NUDQRGE@CNV @M HL_ONQS@MS O@QS NE SGD KHMDR )E XNT CNM S IMNV VG@S SGD C@S@ L-@X KNNJ KHID HS L@X
AD ADRS SN TRD ADRS @R SGD @QFTL-DMS ENQ KNB — @SOKNSKHA V/HKK @TSNL@SHB@KKX SQX SN EHMC SGD ADRS ONRRHAKD KNB@SHNM
ENQ SGD KDFDMC

from polynomials import 1PMZOPNJBM
Import numpy as np
import matplotlib.pyplot as plt

Q  1PMZOPNJBM
Q@EFS  Q EFSJWBUJWF
QSJOU Q@EFS

GJH BY QMU TVCQMPUT

9 00 MJOTQBDF FOEQPJOU True

- Q 9

"@EFSIWBUJWF  Q@EFS 9

BY QMPU 9 " MBCFM TUS Q

BY QMPU 9 “@EFSJWBUJWF MBCFM TUS Q@EFS

BY MFHFOE MPD CFTU
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Y? Y?
/TO0T " NBUQMPUMJIC MFHFOE -FHFOE BU Y GE FG G

a0 — -1 -5x1-6
fw? —2x! =5

3]_

m_

m-

7D VHK FN A@BJ SN SQHFNMNL-DSQHB ETMBSHNMR HM SGD ENKKNVHMF DW@L-OKDR 4GDRD DW@LOKDR RGNV SG@S
MPD CFTU

BEM VNQJ OQDSSX \V/DKK

Iimport numpy as np
import matplotlib.pyplot as plt

9 0Q MJOTQBDF 0Q QJ 0Q QJ FOEQPJOU True
- 0Q TJO 9
- 0Q DPT 9
QMU YUJDLT < >
<S  =QJ S =QJ S =QJ s =3 >
QMU ZUJDLT < >
QMU QMPU 9 * MBCFM TJO Y
QMU QMPU 9 =  MBCFM DPT Y

QMU MFHFOE MPD CFTU

QMU TIPX
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= sn(0.5x)

—3cos(0.Bx)

-2

—

+2r

Import numpy as np
import matplotlib._pyplot as plt
0Q QJ

9 0Q

QMU

QMU
QMU
QMU
QMU

QMU

0Q MJOTQBDF

0Q TJO

9

0Q DPT

YUJDLT

<S
ZUJDLT
QMPU 9
QMPU 9

<

<

=QJ

MBCFM
MBCFM

9

S S

:QJ
>
TJO

DPT

Y
Y

MFHFOE MPD CFTU

TIPX

QJ

>
=QJ

— sin(0.5x)

/ \ 3cos(0.8x)

FOEQPJOU True

S

:QJ
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ANNOTATIONS

4AGD UHRT@KHY@SHNMR NE ETMBSHNM OKNSR NESDM L-@JDR @MMNS@SHNMR MDBDRR@QX 4GHR L.D@MR VD CQ@V SGD QD@CDQR
@SSDMSHNMR SN HL_ONQS@MS ONHMSR @MC @QD@R NE SGD OKNS 4N SGHR OTQONRD VD TRD SDWSR K@ADKR @MC @QNVR 7D G@UD
@KQD@CX TRDC @WHR K@ADKR @MC SHSKDR ENQ SGHR OTQONRD ATS SGDRD @QD @MMNS@SHNMR ENQ SGD VGNKD OKNS "7D B@M D@RHKX
@MMNS@SD ONHMSR HMRHCD SGD @WHR NQ NM SGD FQ@OG VHSG SGD BOOPUBUF NFUIPE NE @M @WDR NAIDBS )M @M
@MMNS@SHNM  SGDQD @QD S\/N ONHMSR SN BNMRHCDQ SGD KNB@SHNM ADHMF @MMNS@SDC QDOQDRDMSDC AX SGD @QFTL.DMS WX @MC

SGD KNB@SHNM NE SGD SDWS WXSDWS **NSG NE SGDRD @QFTL.DMSR @D W X STOKDR

7D CDLLNMRSQ@SD GNV D@RX HS HR HM L_@SOKNSKHA SN SN @MMNS@SD OKNSR HM L@SOKNSKHA \WHSG SGD @MMNS@SD L.DSGNC 7D
VHK @MMNS@SD SGD KNB@K L@WHL-TL. @MC SGD KNB@K LAMHL-TL. NE @ ETMBSHNM )M HSR RHL_OKDRS ENQL. BOOPUBUF
L.DSGNC MDDCR SVN @QFTLDMSR BOOPUBUF T YZ  VGDQD T HR SGD SDWS RSQHMF ENQ SGD @MMNS@SHNM @MC Y'Y

HR SGD ONRHSHNM NE SGD ONHMS SN AD @MMNS@SDC

from polynomials import 1PMZOPNJBM

Iimport numpy as np

import matplotlib.pyplot as plt

Q 1PMZOPNJBM
Q@EFS Q EFSJIWBUJWF

GJH BY QMU TVCQMPUT
9 0Q BSBOHF

- 009

" @EFSIWBUJIWF QQ@EFS 9
BY HSJE

NBYJNVN Q
NJOJNVN Q
BY BOOPUBUF MPDBM NBYJNVN
BY BOOPUBUF MPDBM NJOJNVN

BY QUPU 9 " MBCFM Q

BY QMPU 9 "@EFSJWBUJWF MBCFM EFSJWBUJPO PG Q

BY MFHFOE MPD CFTU
QMU TIPX

NBYJINVN
NJOJNVN
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al maximum

— p
—£0 1 derivation of p

—i —2 0 2 1

)E XNT @QD MNS R@SHREHDC \VHSG SGD @TSNL@SHB ONRHSHNMHMF NE SGD SDWS XNT B@M @RRHFM @ STOKD WHSG @ ONRHSHNM ENQ SGD
SDWS SN SGD JDXVNQC 0@Q@L-DSDQ WXSDWS

from polynomials import 1PMZOPNJBM
Import numpy as np
import matplotlib.pyplot as plt

Q  1PMZOPNJBM
Q@EFS  Q EFSJWBUJWF

GJH BY QMU TVCQMPUT
9  0Q BSBOHF

- Qo9

"@EFSJWBUJWF  Q@EFS 9
BY HSJE

BY BOOPUBUF MPDBM NBYJNVN

YZ Q

YZUFYU Q

BSSPXQSPQT EJDU GBDFDPMPS PSBOHF
BY BOOPUBUF MPDBM NJOJNVN

YZ Q

YZUFYU Q

BSSPXQSPQT EJDU GBDFDPMPS PSBOHF  TISJOL
BY BOOPUBUF JOGMFDUJPO QPJOU

YZ Q

YZUFYU

BSSPXQSPQT EJDU GBDFDPMPS PSBOHF  TISJOL
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BY QMPU 9 " MBCFM Q
BY QMPU 9 "@EFSJWBUJWF MBCFM EFSJWBUJPO PG Q

BY MFHFOE MPD CFTU
QMU TIPX

local maximum

inflection point
-0

local minimum - P
—£0 1 derivation of p

—i —2 0 2 1

7D G@UD SN OQNUHCD RNL-D HMENQL-@SHNMR SN SGD O@Q@L-DSDQR NE @MMNS@SD VD G@UD TRDC M NTQ OQDUHNTR DW@L-OKD

Parameter Meaning

WX BNNQCHM@SDR NE SGD @QQNV SHO

WXSDWS BNNQCHM@SDR NE SGD SDWS KNB@SHNM

46D WX @MC SGD WXSDWS KNB@SHNMR NE NTQ DW@L-OKD @QD M C@S@ BNNQCHM@SDR 4GDQD @QD NSGDQ BNNQCHM@SD RXRSDLR
@U@HK@AKD VD B@M BGNNRD 4GD BNNQCHM@SD RXRSDL NE WX @MC WXSDWS B@M AD RODBHEHDC RSQHMF UGKTDR @RRHFMDC SN
WXBNNQCR @VMC SDWSBNNQCR 4GD CDE@TKS UGKTD HR C@S@

String Value Coordinate System

EHFTQD ONHMSR ONHMSR EQNL SGD KN\/DQ KDES BNQMDQ NE SGD EHFTQD

EHFTQD OHWDKR OHWDKR EQNL SGD KN\/DQ KDES BNQMDQ NE SGD EHFTQD

EHFTQD EQ@BSHNM HR KN\/DQ KDES NE EHFTQD @MC ~ HR TOODQ QHFGS

(@WDR ONHMSR ONHMSR EQNL- KNV/DQ KDES BNQMDQ NE @WDR
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String Value Coordinate System

(@WDR OHWDKR OHWDKR EQNL- KN\/DQ KDES BNQMDQ NE @WDR
(@WDR EQ@BSHNM HR KNV/DQ KDES NE @WDR @MC ~ HR TOODQ QHFGS
Case TRD SGD @WDR C@S@ BNNQCHM@SD RXRSDL

¥ CCHHNM@KKX /D B@M @KRN RODBHEX SGD OQNODQSHDR NE SGD @QONV 4N CN RN VD GEUD SN OQNUHCD @ CHBSHNM@OX NE
@QQN\V OQNODQSHDR SN SGD 0@Q@L-DSDQ @QQNVOQNOR

arrowprops key description
VHCSG SGD VHCSG NE SGD @QQNV HM ONHMSR
GDACKDMFSG 4GD KDMFSG NE SGD @QQNV GDAC HM ONHMSR
GDECVHCSG SGD VHCSG NE SGD A@RD NE SGD @QQNV GDEC M ONHMSR

RGQHMJ LNUD SGD SHO @MC AGRD RNL.D ODQBDMS @V@X EQNL SGD @MMNS@SDC ONHMS @MC SDWS

JV@EQFR @MX JIDX ENQ L @SOKNSKHA O@SBGDR ONKXFNM D F - E@BDBNKNQ

/EBNTQRD SGD RHMTR ETMBSHNM G@R ANQHMF  @MC HVISDQDRSHMF U@KTDR , DSR @RRTL.D SG@S XNT @)D DRODBH@KKX
HMSDQDRSDC HM SGD UGKTD NE  sin pi

Import numpy as np

QSJOU 0Q TJO 0Q QJ

AGD MTLDQHB@K QDRTKS CNDRM S KNNJ RODBH@K ATS HE VD CN @ RXLLANKHB B@KBTK@SHNM ENQ SGD @ANUD DWOQDRRHNM VD FDS
-NV VD V@S SN K@ADK SGHR ONHMS NM SGD FQROG 7D B@M CN SGHR VHG SGD @MMNS@SD ETMBSHNM 7D V@MS SN

MMNS@SD NTQ FQ@OG VHSG SGHR ONHMS

29

import numpy as np
import matplotlib.pyplot as plt

9 0Q MJOTQBDF 0Q QJ 0Q QJ
- 0Q TJO 9
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. 0Q TJO 9
GJH BY QMU TVCQMPUT

BY YBYJT TFU@NBKPS@MPDBUPS QMU .VMUJQMF-PDBUPS 0Q QJ
#plt_xticks(np.arange(-2 * np.pi, 2.5 * np.pi, np.pi /7 2))

BY TFU@YUIDLMBCFMT <S  =QJ S =GSBD\ =QJ*M2} S =QJ
S =GSBD\=QJ"{2} S =GSBD\=QJ"{2}
S =QJ S =GSBD\ =QJM2} S =QJ >

BY QUPU 9 = MBCFM  TJO Y
BY QUPU 9 "  MBCFM TJO Y
BY MFHFOE MPD MPXFS MFGU

% 0Q QJ

# Plot vertical line:

BY QMPU <Y Y> < OQ TJO Y > DPMPS CMVF MJOFXJEUI
MJOFTUZMF

# Print the blue dot:

BY TDBUUFS <Y > < 0OQ TIOY > DPMPS CMVF

UFYU@Y UFYU@Z

BY BOOPUBUF S  =TJO =GSBD\ =QJA{4} =GSBD{3}\=TRSU{2}"
YZ Y 0Q TJO Y
YZUFYU UFYU@Y UFYU@Z
BSSPXQSPQT EJDU GBDFDPMPS PSBOHF  TISJOL
GPOUTJ[F

QMU TIPX
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SOME MORE CURVE SKETCHING
AGDQD #R @MNSGD DWAL.OKD KM \V/GHBG \/D OKOX BONTMC \/HSG SGD GQQNV/R @MC GMMN@SD SGD DWSQDL@

import numpy as np
import matplotlib._pyplot as plt

9 0Q MJOTQBDF FOEQPJOU True
"9 9 9 9 9
GJH BY QMU TVCQMPUT
BY QMPU 9 "
NJOJNVN
NJOJNVN
BY BOOPUBUF NJOJNB

YZ NJOJINVN

YZUFYU

BSSPXQSPQT EJDU BSSPXTUZMF

DPOOFDUJPOTUZMF BOHMF  BOHMF™  BOHMF

#
BY BOOPUBUF

YZ NJOJNVN

YZUFYU

BSSPXQSPQT EJDU BSSPXTUZMF
DPOOFDUJPOTUZMF BOHMF BOHMF'" BOHMF

#
NBYJINVN
NBYJNVN
BY BOOPUBUF NBYJNB  YZ NBYJNVN
YZUFYU
BSSPXQSPQT EJDU BSSPXTUZMF
DPOOFDUJPOTUZMF BOHMF BOHMF'™  BOHMF#
BY BOOPUBUF YZ NBYJINVN
YZUFYU
BSSPXQSPQT EJDU BSSPXTUZMF
DPOOFDUJPOTUZMF BOHMF BOHMF'™  BOHMF#
[FSPFT
for [FSP in [FSPFT

[FSP  [FSP
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BY BOOPUBUF ;FSPFT
YZ [FSP
DPMPS  PSBOHF
CCPY EJDU CPYTUZMF SPVOE GD OPOF FD HSFF

0
YZUFYU
BSSPXQSPQT EJDU BSSPXTUZMF DPMPS  PSBOHF
DPOOFDUJPOTUZMF BOHMF BOHMF'" BOHMF#
QMU TIPX
0
2 _ (Zeroes)
T maxima ——
Pt

Nz
o o
—_—

-

minima

—HD

AGD ENKKNVHMF OQNFQ@L. UKRTGXHYDR SGD UGOHNTR GQQNV/RSXKDR

import matplotlib.pyplot as plt

def EFNP@DPO@TUZMF BY DPOOFDUJPOTUZMF
Y Z
Y Z

BY QMPU <Y Y > <Z Z >
BY BOOPUBUF
YZ Y Z YZDPPSET EBUB
YZUFYU Y Z UFYUDPPSET EBUB
BSSPXQSPQT EJDU BSSPXTUZMF DPMPS
TISJOL™ TISJOL#
QBUDI"™ None QBUDI# None
DPOOFDUJPOTUZMF DPOOFDUJPOTUZMF
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BY UFYU

GJH BYT QMU
EFNP@DPOQ@TUZMF
EFNP@DPO@TUZMF
EFNP@DPOQ@TUZMF
EFNP@DPOQ@TUZMF
EFNP@DPO@TUZMF
EFNP@DPO@TUZMF
EFNP@DPOQ@TUZMF
EFNP@DPOQ@TUZMF
EFNP@DPO@TUZMF
SBE
EFNP@DPOQ@TUZMF
SBE
EFNP@DPO@TUZMF
SBE
EFNP@DPOQ@TUZMF
EFNP@DPO@TUZMF
EFNP@DPO@TUZMF

DPOOFDUJPOTUZMF SFQMBDF \n
USBOTGPSN BY USBOT"YFT 1B MFGU WB  UPQ

TVCQMPUT
BYT<
BYT<
BYT<
BYT<
BYT<
BYT<
BYT<
BYT<
BYT<

BYT<
BYT<
BYT<

BYT<
BYT<

for BY in BYT GMBU

BY TFU YMJIN

U

GJH UJHIU@MBZPVU QBE

QMU TIPX

VVVVVYVYVVYV

\

GIHTI[F
BOHMF  BOHMF" BOHMF#
BOHMF BOHMF"  BOHMF#
BSD SBE
BSD SBE
BSD SBE
BOHMF BOHMF"" BOHMF# SBE
BOHMF BOHMF"" BOHMF# SBE
BOHMF BOHMF"" BOHMF#  SBE
BSD BOHMF' BOHMF#  BSN" BSN#
BSD BOHMF' BOHMF#  BSN" BSN#
BSD BOHMF" BOHMF#  BSN"  BSN#

CBS GSBDUJPO
CBS GSBDUJPO
CBS BOHMF GSBDUJPO

ZMIN YUJIDLT <> ZUJDLT <> BTQFD
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LIS

angle3, arc3, angle, arc, bar,
anglef="50, rad=0. anglef=-90, anglef=-90, fraction=0.3
angleB=0 angleB=180, angleB=0, /"\\_
rad=0 . arma=30, A .
armB=30, o
- rad=0 Y
"y '
. [ ] - " - = [ ]
angle3, arc3, angle, arc, bar,
anglef=0, rad=0.3 anglef=-90, anglef=-90, fraction=-0.3
angleE=50 angleB=180, angleB=0,
L rad=5 N arma=30, *
rd v ‘ armB=30,
rad="5 /
¥ ¥ -
n.\\- y - ~
arc3, angle, arc, bar,
rad=-0.3 angled=-90, amgled=-90, angle=180,
angleE=10, angleB=0, fraction=-0.2
rad=5 * armb=0, H
armB=4a,
rad=0
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MATPLOTLIB TUTORIAL: SUBPLOTS

77D GAUD FHUDM RN E@Q KNSR NE DW@L.OKDR ENQ OKNSSHMF FQBOGR HM SGD
OQDUSNTR BGBOSDQR NE NTQ OXSGNM STSNQH@K NM — GSOKNSKHA ¥
EQDPTDMS(X @RIDC PTDRSHNM HR GNV/ SN GAUD LTKSHOKD OKNSR KM NMD
F80G

)M SGD RHL_OKDRS B@RD SGHR L_HFGS L.D@M SG@S XNT G@UD NMD BTQUD
@MC XNT V@MS @GMNSGDQ BTQUD OQHMSDC NUDQ HS 4GHR HR MNS @
OQNAKDL. ADB@TRD HS VKK AD DMNTFG SN OTS SGD SVN OKNSR HM XNTQ
RBQHOSR @R VD G@UD RDDM ADENQD 4GD L-NQD HMSDQDRSHMF B@RD HR HE
XNT V@MS SN OKNSR ADRHCD NE D@BG NSGDQ ENQ DW@L-OKD )M NMD
EHFTQD ATS HM SN RTAOKNSR 4GD HCD@ HR SN G@UD L-NQD SG@M NMD
FQ@OG HM NMD VHMCNV @MC D@BG FQE@OG @OODEQR HM HSR N\/M RTAOKNS

7D VHK CDLLNMRSQ@SD iM NTQ DW@L-OKDR GNV SGHR B@M AD D
@BBNL_OKHRGDC VHSG SGD ETMSHNM TVCQMPUT o

CREATING SUBPLOTS WITH SUBPLOTS

4GD ETMBSINM TVCQMPU BQD@SD @ EHFTQD @MC @ RDS NE RTAOKNSR )S HR @ \WQ@OODQ ETMBSHNM SN L-@JD HS BNMUDMHDMS SN
BQD@SD BNL-L.NM K@XNTSR NE RTAOKNSR HMBKTCHMF SGD DMBKNRHMF EHFTQD NAIDBS HM @ RHMFKD B@KK

4GHR ETMBSHNM QDSTQMR @ EHFTQD @MC @M ¥WDR NAIDBS NQ @M @QQ@X NE T WDR NAIDBSR

)E VD B@KK SGHR ETMBSHNM VHSGNTS @MX O@Q@L-DSDQR  KHID VD CN HM SGD ENKKNVHMF DW@L-OKD @ &HFTQD NAIDBS @MC NMD
TWDR NAIDBS VHkK AD QDSTQMDC

import matplotlib.pyplot as plt
GJH BY QMU TVCQMPUT
QSJOU GJH BY
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" JHVSF Y "YFT4VCQMPU Y

1D

0B -

06 -

04 -

032 -

D.n T T T T
oo 02 o4 1] 0B 1D

46D 0@Q@LDSDQ NE RTAOKNSR ETMBSHNM @QD

TVCQMPUT OSPXT ODPMT TIBSFY "BMTF TIBSFZ "BMTF TRVFF[F 5SVF
TVCQMPU@LX /POF HSJETQFD@LX /POF GJIHOLX

Parameter Meaning

HMS NOSHNM@K CDE@TKS

MONVR MBNAR - TLLADQ NE QNVR BNKTLMR NE SGD RTAOKNS FQHC

ANNKNQ ZMNMD @K QNV  BNK\ CDE@TKS &@KRD

#NMSONKR RGEQHMF NE OQNODQSHDR @LLNMF W TIBSFY @WHR )E TIBSFY HRRDSSN 5SVF NQ BMM SGD W @WHR V/HKK

RG@QDW AD RG@QDC @LNMF @Kk RTAOKNSR )E TIBSFY HRRDSSN “BMTF NQ OPOF D@BG W @WHR NE @ RTAOKNS \VHK AD
HMCDODMCDMS )E HS HR RDS SN SPX  D@BG RTAOKNS QNV VHKk RG@QD @M W @WHR )E HSHR RDSSN DPM  D@BG RTAOKNS BNKT LM

VHKK RG@QD @M W @WHR

@M@KNFTD SN RG@QDW
7 GDM RTAOKNSR GAUD @ RG@QDC W @WHR GKNMF @ BNKTLLM NMKX SGD W SHBJ KQADKR NE SGD ANSSNL. RTAOKNS @QD BQD@SDC

RGAMDX 3HLHKGOKX \/GDM RTACKNSR GAUD @ RGBQDC X @WHR GKNMF @ QN NMKX SGD X SHBJ KGADKR NE SGD EHQRS BNKTLM RTAOKNS @0D
BQDASDC

— ANNK NOSKNM@K CDEGTKS 4QTD

e TRVFFLF HRRDSSN 5SVF DWS)® CHLDMRINMR GQD RPTDDYDC NTS EQNL SGD QDSTQMDC ¥ WDR NAIDBS

WL HMSDFDQ NQ RSQHMF NOSHNM@K CDEGTYS - NMD

! QZQMPU GJHVSF JDXVN(C SG@S RDSR SGD EHFTQD MTLADQ NQ KBADK

A TAOINSS IV CHBS NOSHNMGK

$HBS VHSG IDXVNQCR OGRRDC SN SGD _NBUQMPUMJC GJHVSF "JHVSF BEE@TVCQMPU B@Kk TRDC SN BQD@SD D@BG
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Parameter Meaning

RTAOKNS

CHBS NOSHNMEK

FQHCRODB>JV S$HBS VHSG IDXVNQCR ORRDC SN SGD __NBUQMPUMJC HSJETQFD (SJE4QFD BNMRSQTBSNQ TRDC SN BQD@SD SGD FQHC
SGD RTAOKNSR @QD OK@BDC NM

EHF>JV TKK @CCHSHNM@K JDXVNQC @QFTL.DMSR @D O@RRDC SN SGD  QZQMPU GJHVSF B@KK

)M SGD OQDUHNTR BG@OSDQR NE NTQ STSNQHEK \/D R@V @KQD@CX SGD RHL-OKD B@RD NE BQD@SHMF NMD EHFTQD @MC NMD @WDR

Import numpy as np

import matplotlib.pyplot as plt
Y 0Q MJOTQBDF 0Q QJ

Z 0Q TJOY 0Q DPT Y

#Creates just a figure and only one subplot
GJH BY QMU TVCQMPUT

BY QMPU ¥ Z

BY TFU@UJUMF 4JINQMF QMPU

/TOTS 5Eyy AINOMF QMPU

Simple plot

2D -
15 -
1D -
05
oD -
—H1.5
10 -

—15 -

—20 1

7D VHKK CDLLNMRSQ@SD MNV GNV SN BQD@SD SN RTAOKNSR ADRHCD NE D@BG NSGDQ **X RDSHMF SGD 0@Q@L-DSDQ T I1BSFZ
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SN 5SVF VD L@JD RTQD SG@S SGD X K@ADKR @QD MNS QDOD@SDC NM SGD QHFGS RTAOKNS

import matplotlib.pyplot as plt
QMU GJHVSF GJHTJ[F

GJH BY BY QMU TVCQMPUT
TIBSFZ SPX
BY UFYU
MFGU
DPMPS HSFFO
GPOUTJ[F
IB DFOUFS
BY UFYU
SJHIU
DPMPS  HSFFO
GPOUTJ[F
IB DFOUFS
QMU TIPX
"JHVSF TJ[F Y XJul  "YFT
1D
0B -
0B - 1 .
left right

04 -

032 -

D.n T T T T T T T T
o o 04 06 OB 1D OD 02 04 OE OB 1D

-NV VHSG RNL.D QD@K C@s@

G BY BY QMU TVCQMPUT
TIBSFZ True
EFSIWBUJIWF Y 0Q DPT Y 0Q TJO Y
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BY QMPU Y Z
BY TFU@UJUMF 41BSJOH : BYJT
BY QMPU Y EFSJWBUJWF

/TO0T < NBUQMPUMJC MJOFT -JOF % BU Y GD GB >

Sharing ¥ axis

u-‘”*\k;\/\pd%ﬂf

7D CDLNMRSQ@SD HM SGD ENKKNVHMF DW@L-OKD GNV SN BQD@SD @ RTAOKNS ENQ ONK@Q OKNSSHMF "D @BGHDUD SGHR AX
BQD@SHMF @ JDX QPMBS HM SGD SGD TVCQMPU@LX CHBSHNM@QX @MC RDS HS SN 5SVF

GJH BY QMU TVCQMPUT  TVCQMPU@LX EJDU QPMBS True
BY QUPU Y 0Q TJOY  0Q DPT Y H

/T0T < NBUQMPUMJC MJOFT -JOF % BU Y GD  CC >

2ot
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46D EHQRS SVN 0@Q@L-DSDQR NE. TVCQMPUT  CDEHMD SGD MTLADQR NE QN\VR @MC BNKTL_MR QDRODBSHUDKX 7D
CDL-NMRSQ@SD SGHR HM SGD ENKKNV/HMF DW@L-OKD 4N CDL-NMRSQ@SD SGD RSQTBSTQD VD TRD SGD UFYU L.DSGNC NE SGD @WHR
NAIDBSR "7D TRD HS SN OTS SGD

import matplotlib.pyplot as plt

SPXT DPMT

GJH BY QMU TVCQMPUT SPXT DPMT
TIBSFY DPM
TIBSFZ SPX

for SPX in SBOHF SPXT
for DPM in SBOHF DPMT
BY<SPX DPM> UFYU
TUS SPX DPM
DPMPS HSFFO

GPOUTJ[F
IB DFOUFS

QMU TIPX

100

0.75 - . ]

oso4 (0, 0) | (0, 1) ; (0, 2)

0.25 -

0.00 : : :

100

0.75 - . ]

aso{ (1, 0) 1 (1, 1) 1 (1, 2)

0.25 -

0.00 : : .

b 05 1b0op 05 100D 05 1D

import matplotlib._pyplot as plt
#plt.figure(figsize=(6, 4))

GJH BY QMU TVCQMPUT
TIBSFY DPM TIBSFZ SPX

BY< > UFYU
UPQ
DPMPS HSFFO
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GPOUTJ[F

IB DFOUFS
BY< > UFYU
CPUUPN
DPMPS HSFFO
GPOUTJ[F
IB DFOUFS
QMU TIPX
100
075k
050 - top
025 -
D.m T T T T
100
075k 1
050 bottom
025 -
D.m T T T T
on 02 04 0B OB 1D

7D VHKK BQD@SD MNV @ RHLHK@Q RSQTBSTQD VHSG SVN RTAOKNSR NM SNO NE D@BG NSGDQ BNMS@HMHMF ONK@Q OKNSR

GJH BYFT QMU TVCQMPUT TVCQMPU@LX EJDU QPMBS True
BYFT< > QWPU Y Z

BYFT< > QMPU Y 0Q TJO Y 0Q DPT Y

BYFT< > OQMPUY OQ DPTY  0Q TJO Y

BYFT< > QMPU Y EFSJWBUJWF  H
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/TOTS < NBUQMPUMJC MJOFT -JOF % BU Y GD DEBE

21"

- NV VHSG SHSKDR ENQ RTAOKNSR

import numpy as np
import matplotlib._pyplot as plt
QMU GJHVSF GJHTJLF

def G Y
return 0Q TJO Y Y 0Q DPT Y

def GQ Y
""" The derivative of T
return Y 0Q TJO Y

9 0Q BSBOHF

GJH BY QMU TVCQMPUT
TIBSFY DPM  TIBSFZ SPX

BY<>QMPU 9 G9 CP 9 GO L

BY< > TFU UJUMF 5IF GVODUJPO G

BY< > QMPU 9 GQ 9 HP 9 GQ 9 L

BY< > TFU YMBCFM O 7BMVFT  ZMBCFM : 7BMVFT
UJUMF  %FSJWBUJWF *VODUJPO PG G

QMU TIPX

>
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"JHVSF TJ[F Y XJul "YET

The function f

Derivative Function of

Y Values

"

X Values

import matplotlib.pyplot as plt
QZUI1PO@DPVSTF@HSFFO
QZUI1PO@DPVSTF@PSBOHF G DC
QZUI1PO@DPVSTF@HSFFO@MJIHIU B
#plt.figure(figsize=(6, 4))
GJH BY QMU TVCQMPUT
GIHTI[F
GBDFDPMPS QZUIPO@DPVSTF@HSFFO@MJIHIU

BY< > UFYU # x-Koordinate, 0 ganz links, 1 ganz rechts
# y-Koordinate, 0 ganz oben, 1 ganz unten
BY< > # der Text der ausgegeben wird
IPSJ[POUBMBMJHONFOU DFOUFS  # abgekurzt “ha-”
WFSUJDBMBMJHONFOU DFOUFS  # abgekurzt “va-®
GPOUTJ[F
BMQIB

BY< > TFU@GBDFDPMPS YLDE TBMNPO

BY< > UFYU
BY< >
IB DFOUFS WB DFOUFS
GPOUTJ[F
DPMPS  Z
BY< > TFU@GBDFDPMPS
BY< > TFU@GBDFDPMPS
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BY< > TFU@GBDFDPMPS QZUIPO@DPVSTF@HSFFO
QMU TIPX

,DS TR FDS QHC NE SGD SHBJR @F@HM 4GHR SHL.D VD B@MMNS TRD QMU YUJDLT @MC QMU ZUJDLT

7D G@EUD SN TRD SGD TFU@YUJDLT @MC TFU@ZUJDLT

T BSHU@SHVF @KK RTAOKNS NE SGD W FQHC KNNJR KHID SGHR

import matplotlib.pyplot as plt

QZU1PO@DPVSTF@HSFFO

GJH QMU GJHVSF GJHTJ[F

TVC QMU TVCQMPU

TVC TFU@YUJDLT

TVC TFU@ZUJDLT

TVC UFYU TVCQMPU 1B
TJ[F BMQIB

TVC QMU TVCQMPU

TVC TFU@YUJDLT

TVC TFU@ZUJDLT

TVC UFYU TVCQMPU 1B
TI[F BMQIB

TVC QMU TVCQMPU

TVC TFU@YUJDLT

TVC TFU@ZUJDLT

TVC UFYU TVCQMPU 1B
TJ[F BMQIB

LDSGNCR HMRSD@C

DFOUFS WB DFOUFS

DFOUFS WB DFOUFS

DFOUFS WB DFOUFS
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TVC QMU TVCQMPU GBDFDPMPS QZUIPO@DPVSTF@HSFFO

TVC TFU@YUJDLT

TVC TFU@ZUJDLT

TVC UFYU TVCQMPU IB DFOUFS WB DFOUFS
TI[F BMQIB DPMPS Z

GJH UJHIU@MBZPVU
QMU TIPX

subplot(2,2,1)

subplot(2,2,2)

subplot(2,2,3)

46D OQDUHNTR DW@L-OKDR @QD RNKDKX RGNVHMF GNV SN BQD@SD @ RTAOKNS CDRHFM SRTEKKX XNT V@MS SN VQHSD OXSGNM
OQNFQ@LR TRHMF — @SOKNSKHA @MC HSR RTAOKNS ED@STQDR SN CDOHBS RNL.D FQA@OGR 7D VWHkK CDL-NMRSQ@SD GNV SN
ONOTK@SD SGD OQDUHNTR RTAOKNS CDRHFM VHSG RNL.D DW@L-OKD FQ@OGR

import numpy as np
from numpy import F QJ

TJO FYQ DPT

import matplotlib.pyplot as plt

def G U
return FYQ U DPT QJ U
def GQ U
return QJ FYQ U TJO QJ U F U DPT QJ U
def H U
return TJO U DPT U
def H U
—140,/4,)" 454/2)1, 35"0,/43



return TJO U DPT U

QZUIPO@DPVSTF@HSFFO
GJH QMU GJIHVSF GJHTJ[LF

U 0OQ BSBOHF

TVC GJH BEE@TVCQMPU # 1Instead of plt.subplot(2, 2, 1)
TVC TFU@UJUMF 5I1F GVODUJPO G  # non OOP: plt.title("The functio
n %)

TVC QMPU U G U

TVC  GJH BEE@TVCQMPU GBDFDPMPS  MJHIUHSFZ
TVC TFU@UJUMF GQ UIF EFSJWBUJPO PG G
TVC QMPU U GQ U

U 0Q BSBOHF
TVC  GJH BEE@TVCQMPU

TVC TFU@UJUMF 5IF GVODUJPO H
TVC QMPU U H U

U 0Q BSBOHF

TVC GJH BEE@TVCQMPU GBDFDPMPS  MJHIUHSFZ
TVvC TFU@UJUMF ' DMPTFS MPPL BU H

TVC TFU@YUJDLT < >

TVC TFU@ZUJDLT < >

TVC QMPU U H U
QMU QMPU U H U

QMU UJHIU@MBZPVU
QMU TIPX
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The function f fp. the derivation of f

KD
100
u 4
u -
—500 -
—100 T T T T T T
-4 -2 0 -4 -2 0
The function g A closer ook at g
015
05 010 -
0D 0Dg
—1.5 1 —1.14 - .
—1.15 -
-3 o 2 -f12 {11 ob 01 0.2
T MNSGDQ DW@L_OKD

import matplotlib.pyplot as plt

9 < >
for OSPXT ODPMT QMPU@OVNCFS in 9
QMU TVCQMPU OSPXT ODPMT QMPU@OVNCFS

100
075
050 -
025
D.m T T T T
on 02 04 1] 0B 1D
100 T ;-
075 - Ty 05 -
050 - Ry 0.p0 -
025 - .25 - 0.5 1
ono T e T e T
oD 05 10 0D 05 10 00 05 1D

46D ENKKNVHMF DW@LOKD RGNVR MNSGHMF RODBHEK "7D VHKK QDLNUD SGD WSHBJIR @MC OK@X @QNTMC VHSG SGD RHYD NE SGD
EHFTQD @MC SGD RTAOKNSR 4N CN SGHR VD HMSQNCTBD SGD JDXVNQC 0@Q@L-SDQ EHFRHYD NE EHFTQD @MC SGD ETMBSHNM
RTAOKNS>@CITRS @KNMF VHSG HR IDXVNQC 0@Q@L-DSDQR ANSSNL. KDES SNO QHFGS

import matplotlib.pyplot as plt
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GJH QMU GJIHVSF GJHTJ[F

GJH TVCQMPUT@BEKVTU CPUUPN MFGU UPQ SIHI
U
9 < >

for OSPXT ODPMT QMPU@OVNCFS in 9
TVC  GJH BEE@TVCQMPU OSPXT ODPMT QMPU@OVNCFS
TVC TFU@YUJDLT <>
TVC TFU@ZUJDLT <>

T{SDQM@SHUD 3NKTSHNM

TR SGD EHQRS SGQDD SGQDD DKDL.DMSR NE W FQHC G@UD SN AD INKMDC \/D B@M BGNNRD @ STOKD MNS@SHNM HMNTQ B@RD
il SN CDEHMD SG@S SGD EHQRS SGQDD DKDL_DMSR NE @ MNSHNM@ W FQHC @QD INHMDC

import matplotlib.pyplot as plt

GJH QMU GJIHVSF GJHTJ[F

GJH TVCQMPUT@BEKVTU CPUUPN MFGU UPQ SJHI
U
9 < >

for OSPXT ODPMT QMPU@OVNCFS in 9
TVC GJH BEE@TVCQMPU OSPXT ODPMT QMPU@OVNCFS
TVC TFU@YUJDLT <>
TVC TFU@ZUJDLT <>
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—140,/74,)" 454/2), 350,743



EXERCISE

(NV B@M XNT BQD@SD @ RTAOKNSCDRHFM NE@ W CDRHFM \VGDQD SGD BNLOKDSD EHQRS BNKT LM HR ROGMMDC

SNKTSHNM

import matplotlib.pyplot as plt

9 < >
for OSPXT ODPMT QMPU@OVNCFS in 9
QMU TVCQMPU OSPXT ODPMT QMPU@OVNCFS
QMU YUJDLT <>
QMU ZUJDLT <>

%8%2#)3%



EXERCISE

#(D@SD @ RTAOKNS K@XNTS ENQ SGD ENKKNVHMF CDRHFM

SNKTSHNM

import matplotlib.pyplot as plt

9 <
QMU TVCQMPUT@BEKVTU CPUUPN MFGU UPQ SJHIU
for OSPXT ODPMT QMPU@OVNCFS in 9

QMU TVCQMPU OSPXT ODPMT QMPU@OVNCFS

QMU YUJDLT <>

QMU ZUJDLT <>

QMU TIPX

%8%2#)3%



SUBPLOTS WITH GRIDSPEC

L_@SOKNSKHA FQHCRODB BNMS@HMR @ BK@RR = QHC30DB )S B&M AD TRDC @R @M @KSDQM@SHUD SN RTAOKNS SN RODBHEX SGD
FDNLDSQX NE SGD RTAOKNSR SN AD BQD@SDC 4GD A@RHB HCD@ ADGHMC =(QHC30DB HR @ FQHC ¥ FQHC HR RDS TO VHSG @
MTLADQ NE QNVR @MC BNKTLLMR "7D G@UD SN CDEHMD @ESDQ SGHR GNV L.TBG NE SGD FQHC @ RTAOKNS RGNTKC ROGM

46D ENKKNVHMF DW@LOKD RGNVR SGD SGD SQHUH@K NQ RHLOKDRS B@RD HD @ W FQHC

import matplotlib.pyplot as plt
from matplotlib.gridspec import (SJE4QFD

GJH QMU GJHVSF
HT  (SJE4QFD
BY GJH BEE@TVCQMPU HT< >

QMU TIPX

%8%2#)3%



1D

0B

06 -

04

02 A

D.D T T T T
oD 02 o4 1] - oB 1D

7D BNTKC G@UD TRDC RNL.D NE SGD O@Q@L-DSDQR NE *QHCRODB D F /D B@M CDEHMD SG@S NTQ FQ@OG RGNTKC ADFHM @S
EQNL SGD ANSSNL. @MC SN SGD KDES RHCD NE SGD @U@HK@AKD EHFTQD @QD@

import matplotlib.pyplot as plt
from matplotlib.gridspec import (SJE4QFD

GJH QMU GJHVSF
HT (SJE4QFD

CPUUPN
MFGU
UPQ
BY GJH BEE@TVCQMPU HT< >
QMU TIPX
M1
0B -
0B -
04 -
0.3 -
oD T T T T
on 032 o4 06 0B LD

46D MDWS DW@LOKD RGNVR @ BNLOKDWDQ DW@L_OKD VHSG @ LLNQD DK@ANQ@SD FQHC CDRHFM

%8%2#)3%



import matplotlib.gridspec as gridspec
import matplotlib.pyplot as plt

QMU GJHVSF GJHTJ[F
(  HSJETQFD (SJE4QFD

BYFT@
BYFT@
BYFT@
BYFT@

BYFT@
BYFT@
BYFT@
BYFT@

BYFT@
BYFT@
BYFT@
BYFT@

BYFT@
BYFT@
BYFT@
BYFT@

BYFT@
BYFT@
BYFT@
BYFT@

QMU TVCQMPU (<

TFU@YUJDLT
TFU@ZUJDLT
UFYU “YET
IB DFOUFS WB
TI[F BMQIB
QMU TVCQMPU (<
TFU@YUJDLT
TFU@ZUJDLT
UFYU “YET
IB DFOUFS WB
TJ[F BMQIB
QMU TVCQMPU (<
TFU@YUJDLT
TFU@ZUJDLT
UFYU "YET
IB DFOUFS WB
TI[F BMQIB
QMU TVCQMPU (<
TFU@YUJDLT
TFU@ZUJDLT
UFYU “YET
IB DFOUFS WB
TI[F BMQIB
QMU TVCQMPU (<
TFU@YUJDLT
TFU@ZUJDLT
UFYU "YET
IB DFOUFS WB
TI[F BMQIB

QMU UJHIU@MBZPVU
QMU TIPX

>

DFOUFS

DFOUFS

>

DFOUFS

>

DFOUFS

>

DFOUFS
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Axes 1

Axes 2

Axes 3

Axes 4 Axes 5

7D VHK TRD MNV SGD FQHC RODBHEHB@SHNM EQNL SGD OQDUHNTR DW@L_OKD SN ONOTK@SD HS VHSG SGD FQ@OGR NE RNL.D
ETMBSHNMR

import matplotlib.gridspec as gridspec
import matplotlib.pyplot as plt
Import numpy as np

QMU GJHVSF GJHTJ[F
(  HSJETQFD (SJE4QFD

9 0Q MJOTQBDF 0Q QJ FOEQPJOU True
: 0Q DPT 9

. 0Q TJO 9

. 0Q TJO 9

BYFT@ QMU TVCQMPU (< >
BYFT@ QMPU 9 *© S 9 -*

BYFT@ QMU TVCQMPU (< >
BYFT@ QMPU 9 -

BYFT@ QMU TVCQMPU (< >

BYFT@ QMPU < > < > C
BYFT@ QMU TVCQMPU (< >

BYFT@ QMPU < > < > S
BYFT@ QMU TVCQMPU (< >

%8%2#)3%



BYFT@ QMPU < > <

QMU UJHIU@MBZPVU
QMU TIPX

A PLOT INSIDE OF ANOTHER PLOT

Import numpy as np
import matplotlib._pyplot as plt

GJH QMU GJHVSF

9 < >
: < >

BYFT GJH BEE@BYFT <
BYFT GJH BEE@BYFT <

# main figure

BYFT QMPU 9 : S
BYFT TFU@YMBCFM Y
BYFT TFU@ZMBCFM Z
BYFT TFU@UJUMF UJUMF

# 1Insert

BYFT OQMPU : 9 H

BYFT TFU@YMBCFM Z

BYFT TFU@ZMBCFM Y

BYFT TFU@QUJUMF UJUMF JOTJEF

0325 | 1000 1
0.00 - _
—0.25

200 -

> # main axes
> # Inset axes

%8%2#)3%



ftle

title inside

SETTING THE PLOT RANGE

)SR ONRRHAKD SN BNMEHFTQD SGD Q@MFDR NE SGD @WDR 4GHR B@M AD CNMD AX TRHMF SGD RDS>XKHL. @MC RDS>WKHL. L_DSGNCR
iM SGD @WHR NAIDBS “7HSG @WHR SHFGS /D BQD@SD @TSNL-@SQHB@KKX SHFGSKX EHSSDC @WDR Q@MFDR

Iimport numpy as np
import matplotlib.pyplot as plt

GJH BYFT QMU TVCQMPUT GIHTI[F

Y  0Q BSBOHF

BYFT< > QMPU Y Y Y Y

BYFT< > TFUQUJUMF EFGBVMU BYFT SBOHFT
BYFT< > QMPU Y Y Y Y

BYFT< > BYJT UJHIU

BYFT< > TFUQUJUMF UJHIU BYFT

BYFT< > QMPU Y Y Y Y

BYFT< > TFU@ZMJN < >

BYFT< > TFU@YMJIN < >

BYFT< > TFUQUJUMF DVTUPN BYFT SBOHF

%8%2#)3%



default axes ranges tight axes a custom axes range

100 - 180 -
[
-} -4}
m_
i1} i1}
3]_
A1 A1
z]_
Al .l
10 -
0 — 0| —
T T T T T T u T T
1) 2 4 2 4 2 3 4 L]

LOGARITHMIC SCALE

)S HR @KRN ONRRHAKD SN RDS @ KNF@QHSGL_HB RB@KD ENQ NMD NQ ANSG @WDR 4GHR ETMBSHNM@KHSX HR HM E@BS NMKX NMD
@OOKHB@SHNM NE @ LLNQD FDMDQ@K SQ@MRENQL-@SHNM RXRSDL. HM — @SOKNSKHA %@BG NE SGD @WDR RB@KDR @QD RDS RDODQ@SDKX
TRHMF RDS>WRB@KD @MC RDS>XRB@KD L-DSGNCR VGHBG @BBDOS NMD O@Q@L-DSDQ \VHSG SGD U@KTD KNF HM SGHR B@RD

Import numpy as np
import matplotlib.pyplot as plt

GJH QMU GJHVSF
BY GJH BEE@TVCQMPU

Y  0Q BSBOHF

BY QMPU Y Y Y Y

BY TFU@ZTDBMF MPH

QMU TIPX
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import numpy as np
import matplotlib.pyplot as plt

GJH BY QMU TVCQMPUT

Y  0Q BSBOHF
BY QMPU Y 0Q QJ Y MX DPMPS  CMVF
BY TFU@ZMBCFM S $JSDVNGFSFODF DN GPOUTJ[F
for MBCFM in BY HFU@ZUJDLMBCFMT
MBCFM TFU@DPMPS CMVF

BY BY UXJOY
BY QMPU Y 0Q QJ Y MX DPMPS EBSLHSFFO
BY TFU@ZMBCFM S BSFB DN? GPOUTJLF DPMPS
for MBCFM in BY HFU@ZUJDLMBCFMT

MBCFM TFU@DPMPS EBSLHSFFO
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4GD ENKKNVHMF SNOHBR @QD MNS CHQDBSKX QDK@SDC SN RTAOKNSSHMF  ATS VD V@MS SN OQDRDMS SGDL SN QNTMC TO SGD
HMSQNCTBSHNM HMSN SGD A@RHB ONRRHAHKHSHDR NE L@SOKNSKHA 4GD EHQRS NMD RGNVR GNV SN CDEHMD FQHC KHMDR @MC SGD

RDBNMC NMD HR PTHSD HLLONQS@MS )S HR @ANTS RAUHMF OKNSR HM HL.@FD EHKDR

GRID LINES

Import numpy as np
import matplotlib.pyplot as plt

def G U

return 0Q FYQ U 0Q DPT 0Q QJ U
def H U

return 0Q TJO U 0Q DPT U

U  0Q BSBOHF
U  0Q BSBOHF
QMU TVCQMPU

QMU QMPU U H U SP U GU L
QMU HSJE DPMPS C  BMQIB MJOFTUZMF EBTIFE
QMU TIPX

SAVING FIGURES

46D RGUDEHF L.DSGNC B@M AD TRDC SN R@UD EHFTQDR SN @ EHKD

EHF RGUDEHF  EHKDM@L.D OMF

MJOFXJEUI

)S HR ONRRHAKD SN NOSHNM@KKX RODBHEX SGD $0) @MC SN BGNNRD ADS\VDDM CHEEDQDMS NTSOTS ENQL-@SR

EHF RQUDEHF  EHKDM@L.D OMF  COH
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